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Stochastic barrier functions (SBFs) are Lyapunov-like functions that enable safety analysis of stochastic
systems. Finding a valid SBF, however, is challenging, as it requires solving a complex functional
optimization problem. Existing convex approaches are often limited to low-dimensional systems with
simple (polynomial) dynamics, while non-convex approaches lack completeness guarantees. To address
these challenges, this paper presents a novel SBF synthesis framework based on piecewise (PW)
functions We first outline a general formulation of PW-SBFs. Then, we focus on PW-Constant (PWC)
SBFs and show how their simplicity yields computational advantages for general stochastic systems.
Specifically, we prove that synthesis of PWC-SBFs reduces to a minimax optimization problem. We
then introduce three efficient algorithms to solve this problem, each offering distinct trade-offs, all with
completeness guarantees. The first algorithm is based on dual linear programming (LP), which provides
an exact solution to the minimax optimization problem. The second is a more scalable algorithm based
on counter-example guided inductive synthesis, which involves solving two smaller LPs. The third
algorithm solves the minimax problem using gradient descent, which admits even better scalability.
We provide an extensive evaluation of these methods on various case studies, including neural network
dynamic models, nonlinear switched systems, and high-dimensional linear systems. Our benchmarks
demonstrate that PWC-SBFs outperform state-of-the-art methods, namely sum-of-squares and neural

barrier functions, and can scale to eight dimensional systems.
© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and
similar technologies.
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1. Introduction physics or randomized algorithms of the system. A widely em-
ployed method to provide necessary safety guarantees is stochas-
tic barrier functions (SBFs) (Kushner, 1967; Prajna et al., 2007;
Santoyo et al.,, 2021). SBFs provide a lower bound on safety
probabilities, hence enabling safety certification. Despite extensive
studies on SBFs, existing methods either lack completeness (in
the case of non-convex approaches) or are largely restricted to
simplistic settings (in the case of convex methods), namely, poly-
nomial dynamics and low dimensions. This work aims to address
these limitations by developing a theoretical and computational
framework for generating barrier certificate tailored to complex
systems.

Synthesis of SBFs, similar to Lyapunov functions, reduces to
a functional optimization problem: the objective is to minimize
the rate of growth of the function along system trajectories (in

Autonomous systems deployed in safety-critical domains de-
mand thorough verification to ensure reliability. Examples of such
systems include autonomous vehicles in human-shared environ-
ments (Shalev-Shwartz et al., 2017), aerospace systems (from
aerial transportation Lee et al., 2016 to space exploration Maluf
et al., 2005), and surgical robotics (Guiochet et al., 2017). How-
ever, this verification process faces major challenges arising from
the complexities in dynamics as well as uncertainties due to the
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expectation), as well as its value over the initial states, while
ensuring that the function remains above a threshold over the
unsafe states. The literature presents two prominent methods for
synthesizing SBFs: SOS optimization (Mazouz et al., 2022; San-
toyo et al., 2021) and NBF (Dawson et al., 2022; Mathiesen et al.,
2022). SOS optimization relies on a predefined SOS polynomial
template for the SBF and aims to determine its coefficients using
convex optimization. While powerful, this method suffers when

0005-1098/© 2026 Elsevier Ltd. All rights are reserved, including those for text and data mining, Al training, and similar technologies.
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Example of a 2D stochastic system with a non-convex safe set and dynamics X, = 0.5X; 4+ v, where noise v has a Gaussian distribution. Fig. 1(a) shows

the initial and safe sets. The SOS barrier of degree 30, the NBF, and the PWC-SBF for this system are shown in Figs. 1(b)-1(d), respectively. The obtained safety
probability for 10 time steps and computation time for SOS are Psos = 0.075 and 7505 = 197s, for NBF are Pygr = 0.93 and tngr = 3600s, and for PWC-SBF are

Ppwe = 0.93 and TpWC = 69s.

the system dimensionality is large (Ahmadi & Majumdar, 2014)
or the safe set is non-convex. On the other hand, NBF employ
neural networks (NNs) to act as barrier functions, addressing
the conservatism of SOS in non-convex settings. Yet, NBF face
scalability issues due to the need to verify the NN against the SBF
conditions, which is challenging for high-dimensional systems.

To illustrate these challenges, consider the 2-dimensional lin-
ear system with additive Gaussian noise shown in Fig. 1. The
initial and safe sets are depicted in Fig. 1(a). Note that the safe
set is non-convex. Figs. 1(b) and 1(c) show the synthesized SOS
SBF of degree 30 and NBF, utilizing the state-of-the-art techniques
presented in Mazouz et al. (2022) and Mathiesen et al. (2022),
respectively. Generally, a higher value of the SBF (especially, over
the initial set) indicates a lower safety probability bound for
the system. The corresponding lower bound on the probability
of remaining in the safe set for 10 time steps is 0.075 for the
SOS SBF and 0.93 for the NBF, with computation times of 197 s
and 3600 s, respectively. Notice that NBF outperforms SOS by
more than 10-fold in safety probability. However, it comes at
the cost of an order of magnitude (nearly 20x) increase in the
computation time for this 2-dimensional system. In fact, for NBF,
the computation time required to guarantee that a trained NN is
an SBF quickly explodes as dimensionality increases.

In this manuscript, we introduce an SBF framework based on
piecewise (PW) functions. We first show a general formulation
for PW-SBFs. Then, we focus on PW-Constant (PWC) SBFs, whose
simplicity gives rise to an elegant formulation applicable to gen-
eral stochastic systems. Our key insight is that the challenging
operations of expectation and function composition required by
the martingale condition of SBFs can be significantly mitigated by
using constant functions, enabling both simplicity and scalability.
Guided by this insight, we prove that the PWC-SBF synthesis
problem reduces to a minimax optimization problem, for which
we introduce three efficient and complete computational meth-
ods. First, we show that, even for nonlinear stochastic systems,
the minimax optimization problem can be reduced to a linear
program (LP) via a dual formulation. Second, to enable scalability,
we introduce an iterative algorithm that requires solving two
smaller LPs based on the counter-example guided inductive synthe-
sis (LP-CEGIS) principle. However, the LP-CEGIS approach can be
memory-intensive. Third, we show that the minimax problem can
be solved using a Gradient Descent (GD) algorithm, which admits
even better scalability and resolves the memory issue of LP-
CEGIS. It however poses a challenge in designing a convergence
criterion. The power of PWC-SBFs is illustrated in Fig. 1(d), where
the same safety probability bound of 0.93 as NBF is achieved
with a computation time of 69 s, an order of magnitude (50x)
faster. Our extensive evaluations demonstrate the efficacy of the
proposed methods, outperforming state of the art and scaling to
eight dimensional systems.

In summary, the key contributions of this work are:

e A general formulation for PW-SBFs with a particular focus
on PWC-SBFs, providing a simple formulation for safety
verification of general stochastic systems.

e A derivation of the PWC-SBF synthesis problem as a mini-
max convex optimization problem.

o Three efficient and scalable computational methods for PWC-
SBF synthesis:

- an LP duality-based approach with a proof of zero-
duality gap, i.e.,, obtaining an exact solution to the
minimax problem,

- an LP-CEGIS algorithm with a proof of convergence to
the optimal solution in finite time, and

- a GD algorithm that offers significant reduction in com-
putation time.

e Extensive case studies to illustrate the performance of the
proposed methods against state-of-the-art methods of SOS
and NBF, and an analysis hereof.

Overall, this work offers a significant advancement in SBF synthe-
sis for safety-critical systems, providing both theoretical insights
and computational methods that enhance scalability in complex
environments.

1.1. Related work

Barrier functions, also known as barrier certificates (Ames
et al., 2014, 2016; Prajna & Jadbabaie, 2004), offer a formal
approach to ensure safety of dynamical systems, particularly
for nonlinear and hybrid models (Prajna, 2006; Prajna & Jad-
babaie, 2004). Barrier functions have been developed both for
deterministic (Ames et al,, 2019; Prajna & Rantzer, 2005) and
stochastic systems (Kushner, 1967; Prajna et al., 2007). Verifica-
tion of discrete-time systems using SBFs was initially introduced
in Kushner (1967) by relying on results from martingale theory,
where the conditions for a function to be a SBF have been first
established. The use of SBFs for continuous-time hybrid systems
with discrete jumps was introduced in Prajna et al. (2007).

Finding a SBF for a given system is a problem that has recently
received increased attention, with approaches including SOS op-
timization (Mazouz et al.,, 2022; Santoyo et al.,, 2021), neural
networks (Mathiesen et al., 2022), and CEGIS (Ding et al., 2022;
Jagtap et al., 2020; Peruffo et al., 2021). Approaches based on SOS
optimization (Santoyo et al., 2021) typically encounter significant
challenges related to scalability and the representation of non-
convex safe sets, and are generally restricted to systems with
polynomial dynamics. Work (Mazouz et al., 2022) extends the
SOS approach to general dynamics by building upon techniques
from Zhang et al. (2018) to construct affine bounds on the dy-
namics. Nevertheless, scalability continues to pose a substantial
challenge.
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To address the limitations of SOS approaches, neural barrier
functions (NBF) (Dawson et al., 2022; Mathiesen et al., 2022) have
recently been proposed. NBF use the representational power of
neural networks (NNs) to train a highly amenable SBF candidate,
which then needs to be verified to establish whether it is a
proper certificate. Work (Zikeli¢ et al., 2023) combines NBF with
reinforcement learning to train a deep policy based on a novel
formulation of reach-avoid martingales. A major limitation of
these methods is their reliance on NN verification, which also
suffer from scalability.

In Jagtap et al. (2020), the authors develop an alternative
(non-convex) approach for SBF synthesis based on a popular
technique in formal methods called CEGIS (Alur et al, 2013).
Specifically, Jagtap et al. (2020) parameterizes the SBF using
(monomial) basis functions and synthesizes the parameters from
finite samples of the state space. The resulting function serves as
a candidate SBF, which must then be validated against the SBF
conditions over the entire state space. Validation is performed by
searching for a counterexample that violates the conditions, typ-
ically using either SMT solvers or nonlinear optimization. How-
ever, these approaches are incomplete and nonlinear solvers are
prone to local minima. In addition, those (non-convex) CEGIS
methods suffer from scalability challenges (Barbosa et al., 2019).

This paper aims to address the limitations of the SOS, NBF,
and non-convex CEGIS approaches in terms of both conservatism
and scalability. Our work mainly builds on the results of Laurenti
and Lahijanian (2023), which establishes the connection between
SBFs and dynamic programming. With this insight, we propose a
novel SBF synthesis method based on PW functions. In contrast
to Laurenti and Lahijanian (2023), this paper introduces the new
class of PW-SBFs along with tailored synthesis methods, and pro-
vides a detailed comparison against state-of-the-art SBF synthesis
approaches. Moreover, unlike the non-convex CEGIS approach
in Jagtap et al. (2020), all methods proposed in this paper are
convex and thus complete and efficient, including our LP-CEGIS
method.

Other related works include (Anand et al., 2022; Edwards
et al,, 2024; Nejati & Zamani, 2023; Prajna & Jadbabaie, 2004).
Specifically, Nejati and Zamani (2023) proposes a data-driven
framework for synthesis of safe controllers using multiple control
barrier certificates. The dynamics of the system are, however,
assumed to be deterministic. In Prajna and Jadbabaie (2004), an
SBF approach is presented for the safety verification of (non)-
deterministic hybrid systems with uncertain disturbance inputs.
The certificate is constructed from a collection of barriers, where
each function corresponds to a discrete mode of the system.
In Edwards et al. (2024), a tool was presented for the formal
verification and control synthesis of deterministic discrete- and
continuous-time systems. In Anand et al. (2022), a method is
presented for verification of interconnected stochastic systems,
based on small-gain theory. However, none of these works ad-
dress the synthesis of PW-SBFs for general discrete-time stochas-
tic systems, as we propose in this paper.

1.2. Basic notations

The basic notations that we use in the paper are as follows.
We denote the set of natural, real, and non-negative real numbers
as N, R, and R, respectively. Random variables are denoted
using bold symbols, e.g., x € R" denotes a random variable
taking values in n-dimensional Euclidean space, whereas x € R"
represents a point in the same space.

We denote Pr as a probability measure, and Ps as the prob-
ability of safety. A probabilistic transition from a compact set
Xi C R" to a compact (measurable) set X; C R" is denoted by
pi € [0, 1], and its lower and upper bounds by p; p; € [0,1],
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respectively, i.e.,, 0 < p, <Dpj =< p;j < 1. For K € N compact sets
X1,X,..., Xk CR", a fleasible transition probability distribution
from X; is denoted by p; = (pi1, ..., pik) such that p; € [Bij’ piil

forallj € {1,...,K} and Z};lp,j = 1. The set of all feasible
transition probabilities from X; is denoted by P;.

2. Problem formulation

We consider a stochastic process described by the following
stochastic difference equation

X1 = f(Xx, Vi), (1)

where state X, takes values in R", and noise v, is an independent
and identically distributed random variable taking values in RY
with associated probability distribution py. Further, f : R" x
RY — R" is the vector field representing the one step dynamics of
system (1). We assume that f is almost everywhere continuous.
Intuitively, X, is a general model of a stochastic process with
possibly nonlinear dynamics and non-additive noise.

To define a probability measure for system (1), for a measur-
able set X, we define the one-step stochastic kernel

T(X | %) = / 1, v)puldv), @)
RV

where 1y is the indicator function for set X, defined as

1 ifxeX
0 otherwise.

1x(x) = {

It follows that for an initial condition X, € R", T induces a unique
probability measure Pr* (Bertsekas & Shreve, 2004), such that for
measurable sets Xy, Xy € X where k € N, it holds that

Pro[xo € Xo] = 1x,(x0),
Pro[xy € X | Xk—1 = x] = T(X | X).

The definition of Pr* allows one to make probabilistic statements
over the trajectories of system (1). This work seeks to quan-
tify probabilistic safety, which together with its dual, probabilistic
reachability (Laurenti & Lahijanian, 2023), are commonly used to
quantify safety for stochastic dynamical systems. Work (Abate
et al., 2008) presents a generalization of invariance.

Definition 1 (Probabilistic Safety). Let X; C R" be a compact set
representing the safe set, Xo C X; be the initial set, and N € N be
the time horizon. Then, probabilistic safety is defined as

Py(Xs, Xo, N) = inf Pro[Vk € {0, ..., N}, X, € X].

X0€Xo

The problem we consider in this work is as follows.

Problem 1 (Safety Certificate). Consider a compact safe set X; C
R" and an initial set X, € X;. Then, for a given threshold §; €
[0, 1], certify whether, starting from X,, system (1) remains in X;
for N time steps with at least probability &, i.e.,

PS(XSaXm N) > 6s~

Problem 1 seeks to compute the probability that X, remains
within a given safe set, e.g., it avoids obstacles and undesirable
states. Computation of this probability is particularly challeng-
ing because system (1) is stochastic and f can be a nonlinear
(and non-polynomial) function. Further, since set X; can be non-
convex, the problem is generally non-convex. This implies that
convex optimization tools cannot be used out-of-the-box for this
problem in an efficient way.
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Approach overview. Our approach to Problem 1 is based on SBFs,
which are value functions to guarantee a lower bound on the
probability of safety in the sense of Problem 1. We review the
theory of SBFs in Section 3. To address the inefficiencies of ex-
isting synthesis techniques for continuous barrier functions due
to, e.g., non-convexity of X;, in Section 4, we focus on piecewise
functions. We show that, based on such functions, barrier certifi-
cates can be provided for the safety of system (1) by establishing a
lower bound on Ps. Further, we show in Section 5 that by choosing
a piecewise constant function, the synthesis problem reduces
to an LP, for which we introduce three efficient computational
frameworks.

3. Stochastic barrier functions

In this section, we provide an overview of stochastic barrier
functions.

Consider system (1) with safe set X; C R", initial set Xy C X;,
and unsafe set X, = R" \ X;. Then, a function B : R" — R is a
stochastic barrier function (SBF) if there exist scalars 1, 8 > 0 such
that

B(x) >0 Vx € R", (3a)
B(x) > 1 Vx € Xy, (3b)
B(x) <n Vx € Xo, (30)
E[B(f(x,v)) | x] < B(x)+ B Vx € X;, (3d)

where v € R" is a random variable with density py. Given an SBF
B, then a lower bound on the probability of safety for system (1)
can be obtained according to the following proposition.

Theorem 1 (Laurenti and Lahijanian (2023)). If there exists function
B that satisfies conditions (3a)-(3d), then for a horizon N € N, it
follows that

Py(X;, Xo, N) = 1 — min{(n + BN), 1}. (4)

Note that Eq. (4) provides a lower bound on the probability of
remaining in the safe set. Hence, B is called a barrier certifi-
cate if the right hand side of Eq. (4) is greater than or equal
to threshold &, i.e, 1 — min{(n + BN), 1} > §;. A major bene-
fit of using barrier certificates for safety analysis is that static
conditions (3a)-(3d) enable probabilistic reasoning on the time
evolution of the stochastic system without the need to evolve the
system. A popular approach to finding an SBF B is to limit the
search to the set of SOS polynomials of a given degree. Then, an
SOS optimization problem can be formulated to synthesize the
parameters of the barrier polynomial, where the objective func-
tion is min n+ N g, subject to conditions (3a)-(3d) (Mazouz et al.,
2022; Prajna et al., 2007; Santoyo et al., 2021). The SOS approach
however becomes very conservative when Xs is non-convex. Re-
cent techniques address this issue by using the power of neural
networks as universal approximators to learn a NBF (Dawson
et al,, 2022; Mathiesen et al., 2022). Nevertheless, while train-
ing NBFs can be done efficiently, checking conditions (3a)-(3d)
against the network is challenging, which limits scalability of
NBFs. To tackle these challenges, we propose piecewise barrier
functions below.

4. Piecewise stochastic barrier functions

In this paper, we introduce the notion of piecewise SBF (PW-
SBF). Consider a partition Xq, ..., Xx of the compact safe set X
in K compact sets, i.e., UL Xi =X and X;NX; = ¢, for
alli #j e {1,...,K}, such that vector field f is continuous in
each region X;, and we further assume that the boundary of each
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X; has measure zero w.r.t. T(- | x) for any x € X;. Furthermore,
let B; : X; — R be a real-valued continuous function for every
ie{l,...,K}. We define PW function

B(x) = Bi(x) ifxe Xf
1 otherwise.

(5)

The following corollary characterizes the general result of
Theorem 1 for the PW function B.

Corollary 1 (Piecewise SBF). Piecewise function B(x) in Eq. (5) is a

stochastic barrier function for system (1) if Vi € {1, ..., K} there
exist scalars B;, n > 0 such that

Bi(x) >0 Vx € Xi, (6a)
Bi(x) <n Vx € Xi N Xop, (6b)

K
D EIB(X) | X € X1+ T(X; | %)+ T(Xy | x)
j=1

< B,‘(X) + ﬂ,’ Vx € X;, (6C)

where X' = f(x,v) and T is the transition kernel in Eq. (2). Then, it
holds that
Py(Xs, Xo,N)>1—(n+N - maXK}ﬂi)- (7)

ief1,...,

Proof. The proof builds on Theorem 1. It is clear that PW function
B in (5) under conditions (6a)-(6b) satisfies conditions (3a)-(3c).
Then, it is enough to show that maxie(1,... k) B from Condition (6c)
upper bounds E[B(x')] — B(x) in Condition (3d). For x € X; and PW
B(x), we have

E[B(f(x, v))] — B(x) (8)

K
= Y EIB{(f(x, v)) | f(x,v) € X1 - T(X; | X)

j=1
+1-T(Xy | x) — Bi(x) 9)
< Bi (10)

where the equality in (9) holds by the law of total expectation,
B(x' € X,) = 1, and the inequality in (10) holds by Condition (6c).
Hence, for every x € X; = Uf:lxi, the expression in (8) is
< MaXie1,...ky Bi. O

Corollary 1 enables one to formulate an optimization problem
to synthesize a PW-SBF. Specifically, the objective is to find B;s
that minimize (n+N - max{ﬁi}{;]) subject to conditions (6a)-(6c¢).
The benefit of this formulation is that both the size of the
partition and type of functions B;s (e.g., linear, polynomial, ex-
ponential, etc.) are design parameters. This provides flexibility
for the SBF to fit different shapes of X;. This flexibility, however,
may introduce challenges as it can lead to a non-convex optimiza-
tion problem, even for simple choices for B; such as polynomial
or linear functions. We introduce a set of simple but effective
choices that lend themselves to efficient computational tools that
outperform the state-of-the-art SBF synthesis techniques.

A major difficulty in the optimization problem results from
the product of the expectation term and the transition kernel
function in condition (6¢), namely, E[B;(X') | X' € X;]-T(X; | x). The
first term not only requires to perform an expectation operation,
but also a composition of B; with the nonlinear function f. The
second term T is a nonlinear function of x that involves an integral
of probability density function p,. To reduce complexity, one can
choose to use constant values for B;s, which simply avoids the
need to perform the expectation and composition operations. This
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leads to a PW Constant (PWC) SBF. Furthermore, while the analyt-
ical form of T may be hard to obtain, its bounds can be efficiently
computed using, e.g., the procedure in Skovbekk et al. (2023),
for general f and non-standard p, (e.g., non-symmetric, non-
unimodal, etc.). In the next section, we detail the optimization
problem for these choices.

5. Piecewise constant SBF synthesis

In this section, we first formally set up an optimization prob-
lem for synthesis of PWC-SBFs. Then, we introduce three effi-
cient computational methods to solve the optimization problem,
namely, a Linear Programming (LP) duality-based approach, a
LP-CEGIS procedure, and a GD-based method.

5.1. PWC-SBF synthesis

Fori,j € {1,...,K}, let Bi"ﬁij € [0, 1] denote the lower and
upper bounds of the transition kernel T(X; | x) for every x € X,
respectively, i.e.,

p; =TXj[X) =py  Vxe&X (11)
Similarly, we use D, Diu € [0, 1] for the bounds of T to the unsafe
set X, i.e.,

p, =TXu|X) <Py VXeX. (12)

Note that these bounds can be computed efficiently for general
f and py by using, e.g., techniques in Adams et al. (2022), Cauchi
et al. (2019), Laurenti et al. (2020), Skovbekk et al. (2023). We
define the set of all feasible values for the transition kernel for all
x € X; as

P = [Pi = (pi1, - -, Pi, Pw) € [0, 1] st
K
> b+ pu =1,
j=1
p, <Py <Py Vje{l,...,K,u}]. (13)

Note that P; is a convex polytopic set, specifically a sim-
plex. The following theorem sets up an optimization problem for
synthesis of a PWC-SBF.

Theorem 2 (PWC-SBF Synthesis). Given a K-partition of X;, let Bi
be the set of PWC functions in the form of Eq. (5) with Bi(x) = b; € R
foreveryie {1,...,K}, and let P = Py x - -- X P, where each P; is
the set of probability distributions defined in Eq. (13). Then, B* € By
is a PWC-SBF that maximizes RHS of Eq. (7) if B* is a solution to

B* =argmin max »n-+ NS (14)
BeBk () eP

subject to

b >0 vie(l,...,K}, (15a)

bi <n Vi:X;NXy # 9, (15b)
K

> by pij + piu < bi + B Vie{l,..., K}, (150)
j=1

0<p=<p Vie{l,...,K}. (15d)

Proof. It suffices to show that if for all i, B;j(x) satisfy conditions
(15a)-(15c), then PW function B(x) as defined in Eq. (5) satisfies
conditions (6a)-(6c¢). The optimization problem in equation (14)
aims to maximize the safety probability over feasible values for
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the transition kernel 7;, which is expressed as a minimax prob-
lem. Each g; is bounded according to constraint (15c), and by
Corollary 1, maxie(1,.. ky Bi upper bounds E[B(x')] — B(x). Hence,
optimizing over objective B* also optimizes the right hand side
of (7), thereby maximizing the lower bound on safety probability
Py(Xs, Xo, N). O

Given a partition of X;, Theorem 2 provides a method to syn-
thesize a PWC-SBF that optimizes a lower bound on Ps(X, Xp, N).
This theorem immediately gives rise to questions on optimality
(w.r.t. general SBFs) and computability. We address the com-
putability question in Section 5.2. For optimality, the following
proposition establishes that, in the limit of a partition of size
large enough, a PWC-SBF converges to a value of safety smaller
or equal to the optimal safety probability P} (X, Xo, N) obtainable
with continuous SBFs.

Proposition 1. Let P;(X;, Xo, N) denote the optimal safety proba-
bility obtained from Theorem 1 from the class of continuous SBFs,
i.e., the set of continuous functions satisfying conditions (3a)-(3d).
Consider a uniform partition of X in K compact sets and call (n +
NpB)y the resulting optimal safety probability bound obtained from
solving Theorem 2. Then, it holds that

Pi(Xs. Xo.N) < lim (1= (1 + NA)).

Proof. First, we need to show that for all x € X,, the optimal
choice of the barrier is always B(x) = 1. Note

E[B(f(x, V)] = /

vif (x,v)eXs

B(f(x, v))py(dv) +

/ B (x, v))puldv).
vif (x,v)eXy

Using this fact, we can rewrite Condition (3d) as the fact that
Vx € X, it must hold that

/ B (x, v))pu(dv) +
vif (X,v)€Xs

/ B(F(x, v))pu(dv) < B(x) + BN.
vif (x,v)eXy

As for x € Xy, B(x) only appear on the left hand side of the
inequality; hence, the value of 8 required to satisfy the inequality
is minimized by taking the smallest possible value of B(x) for
x € X,. Because of Condition (3b), the smallest possible value is 1.
The rest of the proof follows by the fact that, within X;, PWC-SBFs
are dense w.r.t. to the set of continuous SBFs. O

This proposition shows that, despite their simplicity, PWC-
SBFs are as expressive as complex forms of SBFs such as poly-
nomials and NBFs. That is, PWC-SBFs can compute the optimal
safety probability as well as or even better than continuous SBFs.
In fact, our evaluations in Section 6 clearly demonstrate this point.
Further, we also note that, from the proof of Proposition 1, it
becomes evident that the choice of B(x) = 1 for all x € X,
in Eq. (5) is the optimal choice for PW-SBFs. Lastly, it is worth
mentioning that a rigorous sub-optimality analysis of the PWC-
SBF for a given partition is non-trivial and remains an open
question.

5.2. Computation of PWC-SBFs

The optimization problem in Theorem 2 is a minimax problem
with the decision variables

b= (b, ..
pi = (it - - -

-’bK)E]Rgo,

, Dik» Piu) € Pi

(16a)

Vie{l,..., K}, (16b)
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Bi € Rxp
n, ,B (S REO-

A major difficulty in computability of this optimization problem
is in constraint (15c), which includes products of decision vari-
ables b; and p;. As a consequence, the minimax optimization
problem in Theorem 2 is bilinear, meaning that it is linear if
either b; or p; are fixed. This class of problems is generally
non-convex; hence, convex solvers, which provide efficiency and
guaranteed convergence, cannot be utilized. We propose three
approaches to (losslessly) convexify the problem, namely dual
Linear Programming (LP), LP Counter-Example Guided Inductive
Synthesis (LP-CEGIS), and Gradient Decent (GD) such that the
optimal solution can be efficiently computed. Each approach has
its own advantages and disadvantages. The dual LP approach
allows use of standard LP solvers to exactly compute the optimal
solution at the cost of lesser scalability. LP-CEGIS mitigates the
scalability problem by decoupling the inner maximization and
outer minimization, but may still require prohibitive amounts of
memory. To address this problem, GD is presented, which utilizes
sparsity and provides efficient gradient computation. However,
GD requires tweaking of hyperparameters to achieve good con-
vergence in practice, due to the non-smoothness of the objective
function. We first present the dual LP.

Vie{l,...,K}, (16¢)

(16d)

5.2.1. Dual linear program
Using duality, we first introduce an exact approach that en-
codes the optimization problem in Theorem 2 as a linear program.
Observe that the set of feasible transition kernels 7; in Eq. (13)
is a simplex

P ={pi : Hipi < hi}, (17)

where matrix H; € R2KTDxEK+D) gnd vector h; € RK*D are
defined by the constraints in Eq. (13), and inequality relation “<”
is interpreted element-wise on vectors. Next, we define vector
b = (b, 1), where b is in Eq. (16a), and dual variable A; € Ri(g“).

Then, Constraint (15c¢) can be re-written as two constraints:

hi ki < bi + Bi. (18a)
H'x = b. (18b)
Since both constraints are linear in the decision variables A;, b,

and g;, the optimization problem in Theorem 2 can be written as
an LP, which we formalize in Theorem 3.

Theorem 3 (PWC-SBF Dual LP). An optimal solution (b*!, g*1, n*!,
A7, ..., Ag) to the following LP coincides with an optimal solution
(b*2, B*2, n*2, p3, ..., p}) to the optimization problem in Theorem
2 on the SBF decision variables b, 8, n. That is, (b*!, B*1, n*1) =
(b*Z’ 13*27 n*Z):

minn + BN

subject to

0<bh <1 Vie{l,...,K},
bi<n Vi:XiNXo # 0,
hiai < bi+ Bi Vie(l,... K},
H'xi=b vie(l,...,K)},
Ai>0 Vie{l,...,K},
0<B <8 Vie{l,...,K}.

Proof. Theorem 3 follows as an application of the following
lemma.
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Lemma 1 (Zero Duality Gap). Consider the following two optimiza-
tion problems with decision variables z = (b4, ..., bk, B;) and A;
and feasible transition kernel set P; = {p; : Hip; < h;}

min B;
e (19)

st. b'pi<bi+p Vpi € P;

and

mn A

s.t. hlA; < b+ Bi (20)
H'x =b,
Ai > 0.

Let z{ and (z;, A}") be optimal solutions to the Problems 19 and (20),
respectively. Then, z = z; holds.

Proof. The constraint BTp,' < b;+ B;, for all p; € P; can be written
as an inner optimization problem

max b'p;
( ) bt h
s.t. Hipi <h;
Due to strong duality of LP (Boyd & Vandenberghe, 2004, Chap-
ter 5), we can substitute the inner problem for its equivalent
(asymmetric) dual problem

min  h/ A;
}iz0 _| =bi+Bi
st. H'a=bh

Since the inner problem is a minimization, it can be lifted out into
the outer problem to become the constraints in Problem (20). O

It now follows that by Lemma 1, the optimization problem
in Theorem 3 is an equivalent dual formulation, i.e., with zero
duality gap, of the primal maximization problem in Theorem
2. 0O

Hence, B(x) constitutes a proper stochastic barrier certificate,
which guarantees probability of safety Py(Xs, Xo, N) > 1 — (n +
BN).

Computational complexity. The time complexity of a standard
primal linear program is O(n> m) where n is the number of
decision variables and m is the number of constraints (Boyd &
Vandenberghe, 2004). The program in Theorem 3 has n = 2K? +
2K decision variables and m = K?> + 6K + L+ 1 where L = |{i :
Xi N Xo # @} is the number of regions intersecting with the
initial set. Combining the complexity of a linear program with
the number of decision variables and constraints for our dual
linear program, we get O(n*> m) = O(K®). For many applications
this may be prohibitive, hence, in the following subsections, we
introduce two iterative approaches that lead to an improved
runtime complexity.

5.2.2. LP counter-example guided inductive synthesis

Here, we introduce another PWC-SBF synthesis method that
is exact and computationally more efficient than the dual LP
approach. The method is based on splitting the minimax prob-
lem in Theorem 2 into two separate LPs. One LP generates a
candidate PWC-SBF that optimizes the unsafety probability given
a set of finite feasible distributions 7; C 7, and the other LP
generates distribution witnesses (counter-examples) that violate
the safety probability guarantee of the candidate PWC-SBF. Then,
the witnesses are added to 7;, and the process repeats until no
more counter-example can be generated. We dub this method
as LP Counter-Example Guided Inductive Synthesis (LP-CEGIS) for
PWC-SBF.
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Algorithm 1 LP-CEGIS for PWC-SBF

Algorithm 3 couNTEREXDISTLP(b, P;, i)

Input: Initial set X, partition X = {Xi}i(:]v time horizon N, and

feasible transition kernel sets {P;}¥ .

Output: Optimal PWC-SBF B* and safety probability bound P}.

> Initialize P;
> Initialize 8*
> Initialize B;

{P; < saMPLEDIST(P;)}X |

B* <0

(B <1 f(:l

while §* < max §; do

| b*, n*, B* < PWBSYNTHLP(Xp, N, X, {P}X.)
fori < 1to K do
| pi, Bi < COUNTEREXDISTLP(b*, P;, i)

| | P < PiU{p} > add counterexamples

return B* < (b*, 1) and P < 1 — (n* + NS*)

Algorithm 2 PWBSYNTHLP(Xy, N, X, {P;}_,)

Input: Initial set Xo, partition X = {X;}¥ ,, time horizon N, and
finite set of distributions {P}¥ .

Output: Optimal vector b* = (b, ..., bx)* and scalars n* and
B* that minimize unsafety probability w.r.t. the given finite
distribution sets 131, e, 13,(.

b*, B*, n* < argminy g, n+ N - B

subject to:
0<b =<1 Vie{l,...,K}
bi <n Vi:X;iNXy # 0
K
ij'pij+piu5bi+ﬂ Vi and Vp; € P;

j=1

return b*, n*, g*

The LP-CEGIS algorithm is shown in Alg. 1, which relies on
subroutines in Algs. 2 and 3. The main algorithm first sets up
the counter-example distribution sets 7; by sampling a feasible
distribution from each P;. Then, based on 7;, it synthesizes a
candidate optimal vector b* that minimizes the unsafety prob-
ability with its corresponding scalar B8* using the subroutine
PWBSYNTHLP. As shown in Alg. 2, this subroutine is an LP that
captures the min component (outer optimization) of the minimax
problem in Corollary 1. Next, given b*, for each partition region
X;, an optimal distribution p; that maximizes its corresponding
martingale gap §; is computed using subroutine COUNTEREXDISTLP
and then added to the set of witnesses ;. As shown in Alg. 3,
COUNTEREXDISTLP is also an LP, and it captures the max com-
ponent (inner optimization) of the minimax problem. Note that
the function Vertices(?;) returns the (finite) set of vertices of
simplex 7;. If the obtained martingale gap g; is greater than 8* for
some region X;, it means that the candidate b* is not optimal and
there exists at least a distribution that violates the probabilistic
guarantee of the candidate. Hence, the process repeats with the
updated witnesses until 8; < g* for alli € {1, ...,K}.

The following theorem guarantees that the LP-CEGIS algorithm
terminates in finite time with an optimal solution.

Theorem 4 (LP-CEGIS for PWC-SBF). Alg. 1 terminates in finite
time with PWC-SBF B* that is an optimal solution to the problem
in Theorem 2.

Input: Vector of constants b = (by,..., by), a set of feasible
distributions P; as defined in equation (13), and region index
i

Output: Counterexample distribution p; = (pi1, .. .
maximizes martingale gap 8; with respect to b.

, Pik» Piu) that

pi, Bi < argmax, g Bi
subject to:
K
> " bj - pij + piu = bi + Bi
j=1
p; € Vertices(P;)

return p;, B;

Proof. The strategy of the proof is as follows: (i) we first prove
convergence in finite number of iterations of Alg. 1 using stan-
dard results from linear programming and then, (ii) we prove
that the algorithm converges to the optimum using a proof by
contradiction.

To prove convergence of Alg. 1 in finite number of iteration, we
start by observing that the constraint Z};l b; - pij + piu < bi + Bi
for all p; € P; is true if and only if Z]'.(:] bj - pij + piu < bi + Bi for
all p; € Vertices(P;) (Ben-Tal & Nemirovski, 1998). Hence for the
Bi computed using Alg. 3, it holds that Z]K:] b; - pj +piu < bi + Bi
for all p; € P;. Next, let (b*, n*, 8*) denote the optimal solution of
Alg. 2 with respect to a given set of distributions {75,-}f<=]. Notice
that 8* is a (non-strict) lower bound for §; for alli € {1,...,K},
provided that g; is computed from b*, since P; C P;. Then, there
are two cases:

e If for some i € {1,...,K} it holds that g* < p;, then
there exists a distribution p; € P; \ P; such that Z]'; ;-
pij + piuw > b + B*. As a consequence, if Alg. 3 returns a
Bi such that g* < pB; then the accompanying distribution
pi € Vertices(P;) is a previously unseen counter-example for
the condition Z};l b]’f - pij + piw < b} + B* for all p; € P

o Ifinstead B* = max B;, then it holds that Z]K:] by pij+piu <
bi + p* for all p; € P;.

As a result, to conclude it is enough to note that since P; is a
simplex, it has a finite number of vertices.

To prove that Alg. 1 converges to the optimal solution, we
can employ a proof by contradiction. Assume that 8* = max g;
and the resulting B* is not optimal. Then, there must exists a
distribution p; € 7P; such that PWBSYNTHLP(Xo, N, X, {P;}i; U p)
returns a smaller §* compared to PWBSYNTHLP(X,, N, X, {75i}{<: ")
but this is a contradiction as {P}, C (B}, Up. O

i=1 =
Computational complexity. We note that the LP in subroutine
COUNTEREXDIST (Agl. 3) can be solved more efficiently using a pro-
cedure called O-maximization as proposed in Givan et al. (2000).
The time complexity of this procedure is O(K logK), whereas a
standard LP algorithm runs in O(K3) time. In the worst-case, all
the vertices of the simplex 7; are explored for alli € {1,...,K},
which has time complexiy O(K?). It is further noted that Alg. 1
keeps track of the history of counter-examples p;s added at each
iteration, making the approach potentially memory intensive.

5.2.3. Projected gradient descent
While LP-CEGIS is faster than the dual approach, it can be
memory intensive. To alleviate this and allow better scalability,



R. Mazouz, F.B. Mathiesen, L. Laurenti et al.

we present a third method for computing a PWC-SBF, namely, a
gradient descent-based approach.

With an abuse of notation, let 8;(b) be martingale gap of region
X; for a given PWC-SBF defined by vector b = (bq,..., bk).
Specifically,

K
ib) = sup max{0. 3" by py + pio — bi). 1)
bi€Pi i
and B(b) = max; Bi(b). Similarly, we denote
n(b)= max b;. (22)
i:X;NXg #Y

Then, we define loss (objective) function
£(b) = n(b) + N - B(b). (23)

This loss function indeed describes the objective function of the
minimax problem in Theorem 2. Hence, by minimizing £(b), we
solve the minimax problem. Below, we show that £(b) is convex,
and hence, we can use a gradient descent-based method for its
optimization. More precisely, our approach is based on projected
subgradient descent, since the elements of b are constrained to
[0, 1] and the maximization and supremum in Eq. (21) are not
smooth, admitting only subgradients.

Theorem 5 (Convexity of L£(b)).
Eq. (23) is convex in b.

The objective function L(b) in

Proof. The proof follows a standard structure from disciplined
convex programming, where functions are composed under
convexity-preserving operations. We start by proving that g;(b) is
convex in b. To this end, observe that Z b;j-pij+piu—Dbj is convex
in b, invariant to the value p;. Next, max(O -) is a convexity-
preserving function, thus B;j(b) is convex in b. The finite maxi-
mization for both n and $ are once again convexity-preserving
operations and finally, addition is convexity-preserving. This con-
cludes the proof that £(b) is convex in b. O

Notice that the computation of g;(b) in Eq. (21) is equivalent
to the inner optimization problem of LP-CEGIS. Hence, the couN-
TEREXDISTLP routine in Alg. 3 (based on O-maximization method)
can be used for efficient computation of subgradients of §;. One
subgradient for £(b) is the following

VpL(b) = 1,(b) + N - 14(b), (24)

where Tn(b) = Ti is a one-hot vector with the 1 being in element
[ = argmaX;.y nx,z4bi, and

14(b) = VuBi(b) = pf — 1;, (25)

where | = arg max; Bi(b), and p; = arg maxp,cp, Zszl b;-pj+pn—
b;.

A challenge with applying subgradient methods in practice is
that small step sizes are required due to the non-smoothness,
slowing down the convergence. We propose to ameliorate this
by substituting the maximization in £(b) with an L,-norm where
1 < p < oo. Specifically, let #(b) = (b;,, ..., b;,) be a vector of
PWC-SBF values corresponding to the regions that overlap with

Xo, and B(b) = (B1(b), ..., Bk(b)) be a vector of §(b); values. Then,
the proposed loss function is
£(b) = ()l + NIBDB)Ip, (26)

and the corresponding gradient is

i ™Ak V-
Vi) =) (ng(bilup) i
p—1
VBi(b).
Z(IIﬁ ||p) 7
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Algorithm 4 GD for PWC-SBF

Input: Initial set Xp, partition X = {X,}IK:], time horizon N, and
feasible transition kernel sets {P;} ;.
Output: Optimal PWC-SBF B* and safety probability bound P}

b — (pra, - ., Pru) > Initialize b
bpest <— copy(b) & Initialize bpest
Lpest <— 00

k<1 > Iteration number

while not converged do
g« Vb(k—nﬁ(b(k_]))
o < STEPSIZE(K, g)
bk « b= — g
fori < 1to K do
|| b¥ « max(0, min(1, b))
'nbests Brest < ”ﬁ(b(k))”om “,B(b(k))”oo
if Npest + NBpest < Lpese then
Dpest < copy(b®))

Lpest <— Mbest + NIBbest
k<—k+1
return B* < (bpest, 1) and P} <= 1 — Lpest

> According to Eq. (27)

> Gradient descent step
> Project onto [0, 1]

The benefit of this loss is that L,-norms are smooth, and that
£(b) > £(b) for every p; € P; and all b. Furthermore, the relative
magnitude is bounded, [|yll, / IVl < Jr for any y € R". With
the L,-norm, we may tune the over-approximation to a trade-
off between smoothness and tighter approximating the L,,-norm.
The modified loss, through smoothness, also addresses the issue
that each P; often is sparse, i.e., p; ~ 0 for many j. Therefore,
Vp£(b) is often O for most regions. We remark that the modified
loss £(b) is not smooth due to the maximization and supremum
in the computation of g;(b).

The projected subgradient descent procedure is described in
Alg. 4. For each iteration, the algorithm calculates the gradient
according to Eq. (27) and an appropriate decreasing step size «,
followed by the gradient step. Since the PWC-SBF must reside in
[0, 11X and the gradient step may violate this, it is projected back
onto the admissible space. Finally, since subgradient methods are
not a steepest descent method, the algorithm keeps track of the
best observed loss.

To guarantee convergence of gradient descent (Alg. 4) towards
the optimum, it is paramount that the objective is convex. The-
orem 5 shows that £(b) is convex. From this, it immediately
follows that £(b) is also convex.

Corollary 2. The modified objective £(b) is convex in b.

Proof. The proof follows from the fact that n and 8 are convex in
b. Further, L,-norms are convexity-preserving operations (Boyd &
Vandenberghe, 2004). O

We may characterize the non-asymptotic convergence of Alg.
4, i.e. that it finds an e-optimal b within a finite number of steps.

Proposition 2. Let € denote the desired error, the gradient bound
G > supyepoq IVoL(b)ll2, and the upper bound of the initial
distance to the optimal barrier b* by R > ||b{") — b*||,. Then there
exist integers N1 and N, such that o, < €/G for all k > Ny and

Ny 1 Nq
2 p2 2 2
T (R +G Zak).
k=1 k=1
Then for any k > N = max(Ny, N,) it holds that
E(bbest) - E(b*) <e€. (28)
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Table 1
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Benchmark results for the piecewise constant and continuous SBF methods. The three PWC-SBF synthesis methods are: dual LP, LP-CEGIS and GD. These are compared
against state-of-the-art methods: SOS and NBF. K denotes the size of partition of X;, 7, is the computation time for the bounds on the transition kernel, P, is the
obtained lower bound on the safety probability for N = 10 time steps, 7, is the computation time for the SBF synthesis, and Deg is the degree of the SOS polynomial

for SBF.
Piecewise Constant Stochastic Barriers Continuous Stochastic Barriers*
Dual LP LP-CEGIS GD NBF SOS
Model K 7,(5) P, 7o(s) Py 7o(5) P, 7o(S) Py To(S) Deg P %o(S)
Linear 64 0.02 0.992 0.52 0.992 0.04 0.952 0.04 0.585 3850.93 4 0.582 0.014
2D 225 0.31 0.998 164.60 0.998 0.44 0.973 0.20 0.940 3991.47 8 0.582 0.265
Convex 900 8.85 0.999 1087.78 0.999 17.93 0.990 7.22 0.961 4025.67 30 0.978 151.16
2500 41.44 0.999 2897.77 0.999 88.45 0.998 52.78 0.976 4085.65 36 0.992 458.21
Linear 900 5.04 0.494 1197.99 0.494 3.79 0.494 3.52 0.792 3546.69 12 0.010 0.02
2D 1225 8.20 0.800 1389.78 0.800 7.22 0.800 6.64 0.844 3579.58 20 0.010 11.08
Non-Convex 1444 9.18 0.921 1545.45 0.921 11.65 0.921 10.12 0.855 3589.13 24 0.023 37.89
2926 47.98 0.927 3161.56 0.927 98.36 0.927 20.86 0.928 3599.85 26 0.034 62.88
5890 179.94 0.929 8191.65 0.929 458.44 0.929 133.84 0.929 3675.77 30 0.075 196.85
11818 477.45 - TO 0.936 1875.49 0.936 842.67 0.931 3744.23 34 - oM
24336 987.65 - TO 0.938 4441.55 0.938 3099.30 0.936 4234.56 36 - oM
Pendulum 120 6.37 1.00 0.51 0.99 5.84 0.989 3.75 0.999 4242.89 4 0.999 7.71
2D 240 18.33 1.00 6.08 1.00 14.88 0.990 9.99 0.999 4457.82 4 0.999 34.96
480 37.84 1.00 29.39 1.00 43.42 0.999 17.88 0.999 4675.12 4 0.999 187.60
Unicycle 1250 1103.42 0.750 1000.19 0.750 26.37 0.750 5.68 2 0.00 3110.21
4D 1800 1756.25 0.975 1719.58 0.975 92.26 0.975 25.78 4 0.00 5451.19
2400 2001.11 0.998 2548.56 0.998 145.45 0.998 55.59 6 - oM
Quadrotor 7865 80.80 0.770 9906.67 0.770 1174.49 0.770 2589.56 2 0.584 0.20
6D 15625 160.61 - TO 0.901 3788.98 0.901 3258.87 8 0.900 8628.58
Convex 46656 458.59 - TO - TO 0.912 9542.75 12 - oM
Quadrotor 15625 188.10 - TO 0.670 3845.25 0.670 3478.31 4 0.00 491
6D 31250 395.59 - TO 0.810 9548.78 0.810 5878.28 8 0.00 8715.54
Non-Convex 46656 506.99 - TO - TO 0.900 9789.54 12 - oM
Quadrotor 65536 845.44 - TO - TO 0.500 19377.90 2 0.00 14830.23
8D 128000 2530.74 - TO - TO 0.560 3913259 4 - oM

* For linear systems that use SOS optimization, the state space is not partitioned. Further, synthesis methods for SOS and NBF do not use bounds on the transition kernel.

The e-optimal convergence follows directly from a result for
convergence with strictly decreasing and non-summable step
sizes in Boyd et al. (2003). A conservative bound on R is K and
on G is m + NK+/2. To conclude, Alg. 4 converges to a desired
precision in a finite number of steps (Boyd et al., 2003).

Hyperparameters. The key hyperparameters for running (Alg. 4)
are:

maximum number of iterations,

initial learning rate, which defines the update step,
decay parameter, which fine-tunes convergence, and
momentum, which is used to accelerate convergence.

The maximum number of iterations must be sufficiently high
to allow convergence, while the initial learning rate generally
performs well with its default value. Reducing the learning rate
slows convergence, whereas increasing it too much can lead
to divergence until the decay sufficiently reduces it. The decay
parameter plays a crucial role, as it must be neither too large nor
too small to ensure stability. Finally, momentum is essential for
accelerating convergence while preventing overstepping. In our
implementation the default values are 10,000 for max iterations,
0.01 for learning rate, 0.9999 for the decay parameter, and 0.9 for
the momentum.

Computational complexity. The complexity per iteration of the
projected subgradient descent (Alg. 4), utilizing the O-maximizat-
ion procedure to compute S;, is O(K log K). We emphasize that
much of the computation can be parallelized.

6. Evaluations

To show the power of PWC-SBFs and efficacy of our proposed
synthesis methods, we study their performance on a set of seven
benchmark problems, consisting of stochastic systems with linear
and nonlinear dynamics and varying dimensionality, from 2D
to 8D. We also compare the performance of PWC-SBFs against
state-of-the-art continuous SBF techniques, namely SOS and NBF.

Our implementations of all methods, except NBF, including
the three proposed PWC-SBF synthesis methods, are in Julia.
The code is publicly available for download on GitHub.? All the
computations for the benchmarks were performed on a computer
with 3.9 GHz 8-Core CPU and 128 GB of memory.

The stochastic systems we considered are:

e 2D linear stochastic system with a (1) convex Xs, and (2)
non-convex X,

e 2D pendulum Neural Network Dynamic Model (NNDM)
adapted from Mazouz et al. (2022),

e 4D nonlinear unicycle model under a hybrid feedback con-
trol law,

e 6D linearized lateral and vertical quadrotor guidance model
with a hybrid controller with a (1) convex Xs, and (2) non-
convex X,

e 8D linearized lateral and longitudinal quadrotor guidance
model with a hybrid controller.

A summary of the results is shown in Table 1. For all case stud-
ies, N = 10 time steps. TO and OM denote time-out (7 > 45 x 10°s)
and out-of-memory, respectively. Due to limitations pertaining to
memory or hybrid control, the NBF is only run for the 2D linear
system and the pendulum NNDM. It is further denoted that all
NBF experiments are run for 150 epochs, with 400 iterations per
epoch. Each NBF architecture consists of 2 hidden layers with 32
ReLu activated neurons per layer. For a relevant comparison, it is
noted that NBF uses the same initial partitioning as PWC. Finally,
it is noted that the GD approach uses a decay rate of 0.999, and a
termination condition when the difference in max g is less than
1e~% among 50 iterations. We provide detailed discussions on the
experimental setup and obtained results below. For case studies
with non-convex X;, we use the notion of obstacle to refer to the
unsafe sets. All the obstacles are hyper-rectangles defined by a
center point ¢ = (cy, ..., ¢;) € R" and the half-length along each
dimension denoted by ¢;. Formally, O(c, €) = {(xl, .o, Xp) ER™:
|Xi—Cl'| <¢ V1 §1§n}

2 https://github.com/aria-systems-group/StochasticBarrier.jl
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6.1. 2D linear system

We considered a linear stochastic system in R? with dynamics
xX(k+ 1) = 0.5I - x(k) + v,

where [ is the identity matrix, and v ~ A/(0, 1072). The initial
set Xo = [—0.8, —0.6] x [—0.2, 0.0]. We consider two cases for
X,, both defined based on the set X, = [—1, 0.5] x [—0.5, 0.5] as
shown in Fig. 1(a):

(1) Convex safe set: X{®"” = Xp, and

(2) Non-convex safe set: X" = Xp \ Uiz=1 Oi(c;, €), where
c; = (—0.55,+40.30), ¢, = (0.02,0.02), c; = (—0.55,
—0.15), €, =(0.02,0.02).

Convex X{°" case. Observe in Table 1 that all three PWC-SBF
methods outperform the state-of-the-art continuous SBF tech-
niques SOS and NBF. It takes a degree 36 polynomial SBF to obtain
a result similar to that of the Piecewise Constant (PWC) methods
using just K = 64, despite the absence of obstacles (convexity
of X;). This is mainly attributed to the fact that initial set is not
configured in a symmetric fashion, making curve fitting difficult
for even simple 2-dimensional problems. The main limitation of
NBF in this experiment pertains to the training time. Note that it
takes the continuous SBF methods 3-4 orders of magnitude larger
in computation time to arrive to a similar value of P, as the PWC
methods. In addition, the continuous SBF methods never reached
P, = 0.999. Among the PWC-SBF methods, Dual LP and LP-CEGIS
always obtain the same P, as both are exact optimal methods.
However, it takes LP-CEGIS at least an order of magnitude less
time to arrive to this optimal value. That is due to the large
number of the decision variables in the Dual LP, which increases
as K increases. The GD approach is the fastest method; however,
its hyperparameters are tricky to design. For this case study, GD
terminated before convergence to the true optimal P,.

Non-convex X]'" case. For this case, the power of the PWC-
SBFs are even more evident (see Fig. 1). Due to the fact that the
obstacles are within the safe set, the SOS approach has difficul-
ties fitting a function. This forces B(x) > 1 in the entire state
space, as is evident from Fig. 1(b). This phenomenon does not
improve much for a significant increase in the degree of the SOS
polynomial, as it is an inherent limitation of the approach. On
the other hand, our methods effectively tackle this problem by
assigning b; = 1 to the regions that overlap with the obstacles,
and optimize over the remainder of the state space. This results
in the PWC as depicted in Fig. 1(d). The difference is likewise
highly notable in terms of the safety probability P, where SOS
can only guarantee safety probability of 0.075 for the polynomial
degree 30, where two of PWC-SBF methods provide up to 0.938
safety probability. Note that for large values of K, the dual LP
is unable to terminate, due to the scope of the required convex
optimization. A similar fact is observed for high degree SOS
barrier polynomials. The NBF method performs well in terms of
safety probability, at lower number of partitions even better than
PWC SBF. Nonetheless, the PWC SBFs are superior in terms of
computation time.

6.2. 2D pendulum NNDMs

In this case study, we consider the NNDM from Mazouz et al.
(2022) with dynamics x = f™(x) 4 v, where fNV is a NN trained
on a Pendulum agent with a fixed mass m and length [ in closed-
loop with a NN controller. The actuator is limited by u € [—1, 1]
and the dynamics of the pendulum are

. . 3g . 3
Ops1 = Ok + 5 sin(6;)5t% + Wu&tz,
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Oks1 = O + Oks18t

For the details on the trained model, we refer to Mazouz et al.
(2022). For this system, noise v ~ A0, 1074I). The safe set is
0 € [-1, ] and 6 € [—1,1] and the initial set is 6,0 €
[—0.01, 0.01].

We note that since for this particular case study the dynamics
are given by a NN, the SOS approach also uses the partitioning of
size K, where local linear relaxations of f™N are performed. For
more information on this SOS formulation of the SBF see Mazouz
et al. (2022). As can be observed from Table 1, the PWC, SOS and
NBF methods perform similarly in terms of safety probability. It is
noted that SOS performs well due to the fact that the initial set is
centered in the state space. In Fig. 2, we show the plots of the SOS,
NBF and PWC (dual approach) SBFs. In Fig. 2(a), we observe that
the obtained SOS polynomial is an over-fit, as the values near the
boundary of the safe set by-far exceed one. We observe a similar
yet less excessive pattern for the NBF in Fig. 2(b). For the PWC SBF
the barrier in the domain is less then or equal to 1. Among the
PWC SBF methods, a general trend is observed: the dual LP is the
slowest algorithm and the GD the fastest. It is also worth noting
that that the GD method terminates with a P that is slightly
below the optimal value, indicating the difficulty of designing the
termination criterion.

6.3. 4D unicycle

In this case study, we consider a wheeled mobile robot with
the dynamics of a unicycle

X=wvcosf, y=wvsingd, O6=w, v=a,

where x € [—1.0,0.5] and y € [-0.5, 1.0] are the Cartesian
position, # € [—1.75,0.5] is the orientation with respect to the
x-axis, and v € [—0.5, 1.0] is the speed. The inputs are steering
rate w and acceleration a. We design a feedback linearization
controller according to De Luca et al. (2000) coupled with an LQR
stabilizing controller, making this a hybrid model. We use At =
0.01 to obtain a discrete time dynamics, using the Euler method.
We add noise v ~ A(0, 1074I) to capture the time-discretization
error that is inherent to the Euler method.

Fig. 3 shows 10° Monte Carlo simulations of the trajectories
of the unicycle from the initial set defined by a ball centered at
(—0.5, —0.5, 0, 0) with radius 0.01. These simulated trajectories
suggest that the system is stable under the hybrid control law.
This is in-line with the results in Table 1 for the PWC methods,
especially for K = 2400, for which P, = 0.998. Note that the SOS
approach highly suffers for this nonlinear case study, with P, = 0,
despite very long computation times. This further emphasizes the
efficacy of our methods. Observe that the GD approach terminates
with the optimal P value in this case study. We finally note that
since the controller is hybrid, current NBF formulations cannot be
employed for this problem.

6.4. 6D and 8D quadcopter systems

To evaluate scalability of the proposed PWC-SBF methods,
we considered a set of high-dimensional systems. Specifically,
we considered a quadrotor guidance model where the dynamics
consist of lateral and vertical dynamics and the longitudinal and
spin variables are constrained, and then lateral and longitudinal
motion model by fixing the vertical and spin variables.
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Fig. 2. SBF plots for the pendulum NNDM case study.

6.4.1. 6D lateral-vertical model
The lateral closed-loop state space model is defined as

Ayp = Av, Av =gAg,
. 1
Ad’ = Aps Ap = TALD
X

where g is gravity, and I, is the inertia about the x-axis. State
ye € [—0.5,2.0] is the y—position, and v € [—1.0, 1.0] is the
corresponding velocity. The roll angle ¢ € [—0.1, 0.1], the roll
rate p € [—0.1,0.1], and L. is the roll control moment. The
control law follows directly from

AL, = —k1Ap — ko A¢ — ks Av —
ksks Ay + kska Ay r,

where k; denotes the gain for i € {1,...,4}, and Ay, is the
reference position. The lateral model is appended with a guidance
model for vertical motion given by

1
A = —AZ,,
m

AiE = Aw,
where m denotes the quadrotor mass, z € [—0.5, 3.0] denotes
the z-position and w € [—0.5, 1.5] is the yaw rate. The control
law AZ. is defined as

AZ. = —klAZE — szw — Fr

where Fr denotes the reference signal for the vertical dynamics.
The full dynamics constitutes a 6D linear model. Using At = 0.01,
we obtained a discrete-time dynamics via the Euler method, to
which we added noise v ~ A0, 1074I). The designed control
laws stabilize the quadrotor around the equilibrium point x.q =
(1,0,0,0,2,0). Monte Carlo simulations of 10> trajectories of

10
Time (s)

Fig. 3. Monte Carlo simulation (10° instances) for the unicycle model with
t=10s.
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this model is shown in Fig. 4. The 3D workspace (environment)
is shown in Fig. 4(c). We considered two safe sets:

(1) Convex safe set: X" is defined by the given ranges of the
variables above,

(2) Non-convex safe set: X" = X \ U12:1 O(c;, €;), where
¢ =(1,0,0,0,1,0), ¢ =0.01-16x7 ¢ =(1,0,0,0,2.75,
0), €3 = 0.01 - 1. Fig. 4(c) depicts the obstacles.

Convex X" case. Table 1 shows that the two PWC methods
(namely, LP-CEGIS and GD) outperform SOS, both in terms of
computation time, as well as safety probability certification. It is
important to note that systems with linear dynamics and convex
X are an ideal setup for SOS optimization. However, it has a lot
of difficulty with the dimensionality of the system as the results
suggest. For this case study, an SOS polynomial of degree greater
than 8 runs out of memory. Finally, we were not able to run NBF
for this problem since it cannot handle hybrid controllers and
suffers from scalability.

Non-convex X" case. In this case, it is even more evident that
PWC-SBFs can be more powerful than continuous SBFs. The SOS
method provides P, = 0.00, whereas the GD method gets to
P, = 0.900. Observe that the dual LP method times out, which
is also true for the LP-CEGIS method when K > 4.5 x 10* The
GD approach is able to handle this, showing the capability of PWC
SBFs in scalability.

6.5. 8D lateral-longitudinal dynamics

Here, we aim to test the performance boundary of PWC-SBFs
in terms of scalability. We consider an 8D model by combining
the lateral dynamics of the quadcopter with its longitudinal and
fixing vertical and spin variables. In a similar fashion as lateral,
the longitudinal guidance is constructed under the dynamics

Akp = Au, All = —g A8,
1

Iy
where g is gravity, and I, is the inertia about the y-axis. State
xg € [—0.5,4.0] is the x—position, and u € [—0.5, 1.5] is the
corresponding velocity. The pitch angle 6 € [—0.1, 0.1], the pitch
rate ¢ € [—0.1,0.1], and M, is the pitch control moment. The
control law follows directly from

AMC —I1Aq — leg — I3AU —
13[4AXE + 13I4AXEJ,

A = Aq, Aq AM,

where [; denotes the gain for i € {1,..
reference position.

The results are shown in the bottom 2 rows of Table 1. For
this system, the SOS approach is unable to provide any safety

., 4}, and Axg, is the
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Fig. 4. Monte Carlo simulations (10° instances) for the 6D quadcopter model with lateral-vertical dynamics for 10 s. Trajectories are visualized in (a) state vs.
time plot, (b) y-z Plane, and (c) 3D workspace. The red boxes in (c) are the obstacles. The control laws stabilize the quadrotor around the equilibrium point

Xeq =(1,0,0,0,2,0).

guarantees, i.e., P, = 0. The dimensionality naturally has a major
effect on the performance of the SOS optimizer. The dual LP and
LP-CEGIS likewise suffer, pertaining to the dimensionality and the
partitioning of the state space. Nonetheless, the GD approach is
still able to handle the large scale optimization, and can provide
a lower safety probability of P, = 0.560. While this is not
near the statistical safety threshold obtained through simulation
(Pssim =~ 0.95), it clearly shows that the proposed PWC-SBF
method outperforms the current state-of-the-art SBF methods.

7. Conclusion

In this work, we introduce a formulation for piecewise (PW)
stochastic barrier functions (SBFs). We discuss the flexibility they
provide at the cost of increased computational cost. To lay the
groundwork, we focus on their simplest form, namely, PW con-
stant (PWC) functions. We show that the synthesis of optimal
PWC SBFs reduces to a constrained minimax optimization prob-
lem that includes bilinear terms. We further show that PWC
SBFs can obtain the same or even higher probabilistic safety
guarantees than continuous SBFs. We also propose three efficient
computational methods for solving the minimax problem by re-
laxing bilinear terms. This is achieved by (i) dual formulation in
form of a linear program (LP), (ii) splitting the problem into two
separate iterative LPs, where one synthesizes candidate function
and the other provide counter examples, and finally (iii) designing
a convex loss function that precisely captures the objective func-
tion of the minimax problem, enabling the use of gradient descent
method. To show the expressivity of PWC SBFs and scalability
of the proposed computational methods, we provide extensive
evaluations on a range of benchmark problems. We also compare
performance of the proposed methods against state-of-the-art
SOS optimization and NBF learning. The results clearly show the
efficacy and superiority of PWC SBFs. The PWC SBFs provide a
new approach to ensuring safety for stochastic systems.

This study raises several interesting research questions for
future investigations. One is how to perform adaptive refinement
of the pieces of the PWC SBF to reduce computational overhead.
Another interesting question is on the complexity of PW linear
(and nonlinear) SBFs and whether they provide more expressivity
(better safety guarantees) than PWC SBFs. Finally, an interesting
direction is PWC-SBF-based control synthesis.
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