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In geotechnical practice, the cone penetration test (CPT) is widely used for soil stratification; however, the large
spacing between soundings makes it difficult to construct accurate two-dimensional (2D) subsurface cross-
sections. Conventional Gaussian Process (GP) models are effective for spatial interpolation under stationary
assumptions, but real CPT data often exhibit strong non-stationarity due to geological layering, limiting the
applicability of GP-based models in practice. To address this limitation, this paper develops a Mixture of Gaussian
Processes (MGP) framework for explicitly modeling the distinct spatial features of different soil layers. The MGP
integrates layer-specific GPs with a probabilistic layer identification mechanism, enabling joint representation of
stratigraphic boundaries and within-layer variability. The framework is validated using synthetic ground profiles
of varying stratigraphic complexity and applied to real CPT data from the Groningen region of the Netherlands.
Results show that the MGP generally improves prediction accuracy and uncertainty characterization relative to
the GP, particularly in inclined or more complex stratigraphic settings where layer-dependent variability and
boundary effects are important.

1. Introduction

In geotechnical practice, the Cone Penetration Test (CPT) is the most
widely used in-situ test for soil stratification, and is often interpreted
through Robertson’s soil behavior type (SBT) chart (Robertson, 2016;
Lengkeek 2024). A reliable 2D stratigraphic cross-section plays a vital
role in geotechnical design and analysis, particularly for linear in-
frastructures such as embankments, tunnels, and levees, where the
length of the structure greatly exceeds its width. However, although
CPTs provide almost continuous vertical measurements, the horizontal
spacing between soundings is typically large (e.g., 20 m — 50 m),
making it notoriously difficult to accurately characterize soil stratig-
raphy in two-dimensional (2D) cross-sections.

Delineation of 2D ground stratigraphy requires interpolating CPT
measurements, such as soil behavior type index (I.), along the horizontal
direction (e.g., Hu and Wang, 2020; Varkey et al., 2023; Yao et al,,
2025). Two distinct approaches have been adopted to exploit I. for
subsurface stratigraphic modeling: (1) continuous and (2) discrete
(Phoon et al., 2022). In the continuous approach, the spatial variation of
I, values is first interpolated and then classified into SBT categories (e.g.,
Shuku and Phoon, 2021; Wang et al., 2020). In this approach, the entire
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ground is considered to be a random field conditioned on CPT locations.
In contrast, the discrete approach (layer-based), directly models layer
boundaries by considering the ground as comprising layers of different
soil types with distinct stochastic characteristics (e.g., Shuku et al.,
2020). Phoon et al. (2022) further argued that soil layer boundaries
can be interpreted as points where the trend of the I, profile changes.
Following this concept, Shuku et al. (2020) applied a sparse Bayesian
lasso method to detect layer boundaries using CPT data.

Various spatial interpolation methods have been applied in
geotechnical characterization, including inverse distance weighting
(IDW) (Rahman et al.,, 2021), Gaussian process regression (Yoshida
et al., 2021), Bayesian compressive sampling (BCS) (Wang and Zhao,
2017), sparse Bayesian learning (SBL) (Ching and Phoon, 2017) and
Geotechnical Lasso (Shuku and Phoon, 2023). Among these, GP
regression has been extensively used in geotechnical site characteriza-
tion because of its unique ability to model spatially correlated, uncer-
tain, and sparse data (e.g., Lloret-Cabot et al., 2012; Vessia et al., 2020).

In GP regression, geotechnical data are typically described as the
sum of (1) a trend component and (2) a spatially correlated residual,
with the latter modeled as a stationary random field. However, evidence
from the literature shows that different soil layers have distinct trend
functions and spatial variability, resulting in highly non-stationary soil
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Nomenclature

Abbreviations

CPT Cone Penetration Test

EM Expectation-Maximization

GMM Gaussian Mixture Model

GP Gaussian Process

IR Identification Rate

MAE Mean Absolute Error

MAP Maximum a posteriori

MGP Mixture of Gaussian Processes

MLL Mean Log Loss

MTGP  Multi-Task Gaussian Process

RMSE Root Mean Square Error

SBT Soil Behavior Type

Symbols

c(-,-) covariance function

C(-,-) covariance matrix

Cr task covariance matrix in MTGP

H total depth of soil profile

I soil behavior type index

Iemn observed I, value at depth sample n of CPT m
%% observed I value at test location i

I;k predictive mean of the k™ GP at a prediction point
k layer or GP component index

Imn latent layer indicator for sample n of CPT m
m CPT index

m(.) GP trend function

m(z)  trend function of the k™ GP

M total number of CPTs

Nim number of observations assigned to layer k of CPT m
Ny number of Monte Carlo realizations assigned to layer k
Niest number of test observations

p(*) probability density function

P(-) probability

r Monte Carlo realization index

R total number of Monte Carlo realizations

Skm standard deviation of the k™ GMM component of CPT m

SZm variance of the k™ GMM component of CPT m

v GP predictive variance at a new input

Vi, predictive variance of the k™ GP at test location r

wk,wk . wk  quadratic trend coefficients of the k™ GP

x horizontal coordinate

Xm horizontal coordinate of CPT m

X, X horizontal input locations used in the MTGP kernel

y vector of observed values in the GP formulation

y GP predictive mean at a new input

z depth coordinate

Zmn depth of sample n of CPT m

2K minimum depth of the observations assigned to layer k

2K maximum depth of the observations assigned to layer k

E input location vector

Enn input location of sample n of CPT m

E. prediction location vector

/] vector of GP hyperparameters

9°Pk hyperparameter vector of the k™ GP

0, vertical length scale

O horizontal length scale

Hem mean depth of the k™ GMM component of CPT m

I, mean vector in the MTGP prior for mixture weights

Tkm mixture weight or prior probability of layer k of CPT m

m, interpolated or sampled mixture weight of layer k at a
prediction point

o? variance of Gaussian process

o7 marginal variance associated with the k™ GP in the MAP
step

T MTGP length scale

spatial variations (e.g., Cami et al., 2020; De Gast et al., 2021; Shi and
Wang, 2022; Guan et al., 2024). Therefore, conventional GP models
with a global trend function (e.g., linear or quadratic) and a single
spatial variability term may produce inaccurate predictions and unre-
alistic uncertainty quantification.

To address this challenge, this study develops a Mixture of Gaussian
Processes (MGP) framework that is capable of representing the non-
stationary behavior inherent in multilayered soil deposits. The MGP
handles non-stationarity by explicitly identifying distinct geological
layers and modeling each layer as a separate random field with its own
mean and spatial variability structure. This allows the model to capture
both the abrupt transitions at layer boundaries and the within-layer
continuity that cannot be represented by a single stationary GP. A
finer stratigraphic resolution is then obtained by computing the pre-
dictive distribution of I. values using the MGP and discretizing the
resulting I. field according to Robertson’s SBT chart. Through this
combination, the method integrates the advantages of both discrete
(layer-based) and continuous (random-field-based) approaches,
enabling a more accurate and interpretable delineation of stratigraphy.
The framework is validated using synthetic and real CPT datasets to
demonstrate its applicability and evaluate its performance for 2D
geotechnical site characterization.

2. Methodology

Soil profiles are inherently stratified, and different layers commonly

exhibit different property means, variances, and spatial correlation
structures. As a result, the spatial variation of CPT-derived I, values is
typically non-stationary, especially near layer boundaries. A conven-
tional Gaussian Process (GP), which assumes a single covariance struc-
ture over the entire domain, is therefore not well suited to represent both
the within-layer continuity and the abrupt changes that occur across
stratigraphic transitions. To address this limitation, this study adopts a
Mixture of Gaussian Processes (MGP) framework.

In the present application, the basic idea is to divide the CPT profile
into a small number of primary layers, model the spatial variability
within each layer by a separate GP, and then combine these layer-
specific predictions according to the probability that a point belongs
to each layer. In this way, the model can simultaneously represent major
stratigraphic boundaries and the spatial variability within individual
layers.

Fig. 1 illustrates the overall structure of the proposed MGP frame-
work for CPT-based site stratification. The framework consists of two
main components: (1) a layer-assessment function, and (2) layer-specific
Gaussian Processes (GPs). The layer-assessment function is used to
identify the major layer boundaries at the CPT locations and to estimate,
at locations between CPTs, the probability that a point belongs to each
layer. In the proposed formulation, this function is represented by a one-
dimensional Gaussian Mixture Model (GMM) at each horizontal loca-
tion, with parameters that vary in the horizontal direction. The second
component comprises the layer-specific GPs, which are used to represent
the spatial variability of I, within the major layers. In this way, the
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Fig. 1. Illustration of subsurface stratification using the Mixture of Gaussian Processes (MGP) model. Note: 7 ,, is the weight of the k™ layer at the m™ CPT.

framework separates the tasks of identifying the large-scale stratigraphic
structure and modeling the within-layer spatial variation.

The first stage of the method is the joint calibration of the layer-
assessment function and the layer-specific GPs at the CPT locations.
This is carried out by fitting the GMMs and the layer-specific GPs
simultaneously using the hard-cut Expectation-Maximization (EM) al-
gorithm. Here, the GMMs are not used to model the distribution of I.
values directly; rather, they are used to represent the probabilistic ver-
tical layer membership along each CPT profile through the depth co-
ordinate. In this representation, the mean of each Gaussian component
corresponds to the central depth of the associated layer, while its vari-
ance is related to the vertical extent of that layer. The purpose of this
stage is to determine the optimal layer boundaries at the CPT locations
and, at the same time, to estimate the GP parameters that are most
consistent with those boundaries. Since the GMM parameters define the
vertical layer distribution at each CPT, calibrating the GMM is equiva-
lent to determining the most likely locations of the layer boundaries. The
training stage therefore identifies both the primary stratigraphic struc-
ture and the corresponding layer-specific spatial variability.

After the training stage, the layer-specific GPs are fixed. The next
step is to determine how the major layers continue between CPT loca-
tions. In the proposed framework, this is achieved by interpolating the
GMM mixture weights in the horizontal direction. The details of this
interpolation are presented in the following section. The outcome of this
step is a probabilistic description of the major layering across the entire
cross-section; i.e., for any prediction point, the probability of belonging
to each layer can be estimated.

These layer probabilities are then combined with the calibrated
layer-specific GPs to obtain the predictive distribution of I. throughout
the section. This yields a probabilistic I. cross-section in which the
predicted mean and uncertainty depend both on the spatial variability of
the relevant layer-specific GP and on the uncertainty in layer member-
ship. Consequently, the method can represent relatively smooth varia-
tion within layers while also producing increased uncertainty near
stratigraphic transitions.

In the final stage, the predicted I, cross-section is converted into a
more detailed soil behavior distribution using the Robertson and Wride
(1998) classification chart. This step refines the broad primary layering
identified by the MGP into a finer soil behavior type (SBT) distribution,
which is more suitable for geotechnical interpretation and subsequent
engineering analysis.

The main components of the MGP are elaborated in the following
sections.

2.1. Model structure

2.1.1. Brief review on GP

Gaussian Processes (GPs) can be viewed as an extension of proba-
bility distributions from random variables to functions (Rasmussen and
Williams, 2006). Under this framework, the functions used to predict
outputs are treated as samples from a multivariate Gaussian distribution
defined by a covariance matrix C, such that

p(y[§) ~ Nim(£),C(£,§) ] @

Here, y = [y1,Y2,Y3, --Yn] represents the vector of n observed I, values.
The function m(€) = [m(§,), m(&,), m(&;), ---m(€,)] denotes the mean of

the GP, and C(§ &) = [c <§i,§j>] nxn is the covariance matrix. Here, € is

the input vector where each entry & = {z;,x;} represents a depth-
horizontal coordinate pair (Fig. 1).

This study applies a single exponential autocorrelation function for
defining the covariance matrix (Cami et al., 2020; Shuku and Phoon,
2023), where each element is given by

In this formulation, 62 and 6,,6;, are hyperparameters representing the
variance and the length scales in the vertical and horizontal directions,
respectively. To apply Gaussian processes in practice, it is essential to
determine appropriate values for these hyperparameters. This is typi-
cally achieved through maximizing the marginal log likelihood in Eq.
3):

1 1
logp(yl£.0) = — 5y —m)"C”' (y — m) — 7 log|C| — 7 log(2) ©)

where m = m(€), C=C(§§0) and 0 = [0,0,,0;] denotes the hyper-
parameters of the GP.

The covariance model in Eq. (2) is a separable, axis-aligned expo-
nential covariance function. This form implies relatively rough, non-
differentiable spatial fluctuations. It is adopted because exponential
covariance models are commonly used in geotechnical spatial variability
studies (Liu and Chen, 2010; Jiang and Huang, 2018; Varkey et al.,
2023), where soil properties often show irregular short-scale vari-
ability. Smoother alternatives, such as squared-exponential or higher-
order Matérn covariance functions, could also be used within the pro-
posed MGP framework; however, comparing different covariance fam-
ilies is outside the scope of the present study.



M. Durmaz et al.

After estimating the hyperparameters, the GP can be used to make
predictions at a new input &., with the predictive distribution also being
Gaussian:

Here, 4" is the predicted mean and V" is the associated predictive vari-
ance. These quantities are computed as follows (Rasmussen and
Williams, 2006):

§ = C(E ECEE 'y —m(E)] +m(&.) 5)
V' =C(£..&) — C(E..E)C(E,E) 'C(E &) 6

In this study, the GP model is formulated as a noiseless Gaussian
process without an observation-noise (nugget) term. Consequently, the
predictive variance reflects only interpolation uncertainty and does not
account for measurement error or transformation uncertainty.

2.1.2. GMM for layer probability representation

In the MGP framework, the CPT measurements are assumed to be
generated by K latent components, each corresponding to a major soil
layer and represented by a layer-specific Gaussian Process (GP). To use
this formulation, it is first necessary to determine which layer each
observation is likely to belong to. This is the role of the gating function.
In this study, the gating function proposed in the MGP formulations of
Chen et al. (2014) and Zhou et al. (2019) is adopted and applied sepa-
rately to each CPT profile.

Let m=1,--,M denote the CPT index, n=1,---,N,, denote the
depth-sample index within CPT m, and k =1, ---,K denote the layer
index. Each observation is represented by the pair (£, ,,I.mn), Where
Enn = (Zmn, Xm), Zmn is the depth coordinate, and xy, is the horizontal
coordinate of CPT m. Let l,, be a latent indicator variable such that
Inn = k means that the n™ sample of CPT m belongs to the k'™ layer and is
modeled by the k™ GP. In the present formulation, the indicator vari-
ables are assumed to follow a multinomial distribution within each CPT
profile, i.e.,

P(lnn = k) = 7im %)

where 7y, is the prior probability that a depth point in CPT m belongs to
layer k.

Conditional on the indicator variable, the depth coordinate is
modeled by a Gaussian distribution:

P(zm.n‘lmv'l = k) ~ N(/"k.m» sl%m) ®

where y , and s, are the mean and variance, respectively, of the k™
Gaussian component of CPT m. In this way, the depth-dependent layer
membership at a given CPT location is represented by a one-dimensional
Gaussian Mixture Model (GMM).

In this formulation, 7, represents the prior probability that a
randomly chosen depth point from CPT m belongs to layer k. Because
CPT measurements are typically taken at nearly uniform depth intervals,
7x.m can be interpreted as the proportion of the CPT profile occupied by
that layer. Accordingly, the GMM provides a probabilistic representa-
tion of the vertical layer structure within each CPT, where each Gaussian
component describes the location and spread of one layer with depth.
Although the depth points belonging to a given layer at a CPT location
may in general be regarded as approximately uniformly distributed
within that layer interval, a Gaussian distribution is adopted here for the
gating function. The reason is that the Gaussian form allows the layer
membership probability to decrease smoothly from the center of the
layer toward its boundaries during the iterative updating of layer as-
signments. In contrast, a uniform distribution would cause the mem-
bership probability to drop abruptly to zero at the layer boundary,
leading to an unnecessarily sharp transition between adjacent layers.
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Given the set of observations assigned to layer k, the corresponding I,
values are modeled by the k™ Gaussian process. Let I.X) denote the

vector of I, observations assigned to layer k, and let £€¥ denote the
corresponding set of input locations. Then

L[ £9) ~ Nm (£ €107 v

where my is the mean vector of the k™ GP evaluated at &%, C is the
corresponding covariance matrix, and §°°* denotes the GP hyper-
parameters of layer k.

For each GP component, a quadratic trend function is adopted, since
it is the highest-order trend function commonly used in the literature to
represent homogeneous soil layers and has been shown to perform
reliably even when the true trend is simpler, such as constant or linear
(Ching et al., 2023). The trend function of layer k is written as
M (2mn) = Wh + WE @ (Zmn = Zhys) + W @ (3 — Zhin)” 10
where wX, wk, and wX are the trend coefficients of the k™ GP, and zin is
the minimum depth of the observations assigned to that component.

In this study, a separate 1D GMM is fitted to each CPT profile in order
to represent the layer distribution at the observed CPT locations. After
the layer assignments have been learned, the associated mixture weights
are interpolated in the horizontal direction using a multi-task Gaussian
Process (MTGP), which is described in Section 2.1.4.

2.1.3. Training Algorithm

The hard-cut EM algorithm (Chen et al., 2014; Zhou et al., 2019) is
used to train the model. The EM algorithm is an iterative extension of the
maximum likelihood (ML) method for problems involving hidden or
unobserved variables. It alternates between two steps: the Expectation
(E) step and the Maximization (M) step. In the E-step, the algorithm
computes the expected value of the log-likelihood with respect to the
conditional distribution of the latent variables, given the observed data
and current parameter estimates. In the M-step, this expected log-
likelihood is maximized to update the model parameters. The main
steps of the hard-cut EM algorithm are as follows:

(1) Clusters are initialized using K-means clustering based on I, and
depth values, where the indicator variables are set based on the cluster
assignments of the data points.

(2) M-step: The hyperparameters of the Gaussian Processes (GPs) for
each layer are estimated using the maximum likelihood (ML) approach.
To mitigate overfitting, the coefficients of the parametric mean function
are assigned weakly informative normal priors, with their scales defined
based on the layer-wise ranges of I, and depth. This follows common
Bayesian regularization practice for regression and Gaussian process
mean functions, where prior scales are chosen to reflect the magnitude
of the data and prevent overly flexible trends (Gelman et al., 2008;
Theodoridis, 2020). Specifically, the intercept coefficient wk is assigned
a prior whose mean and standard deviation are equal to the sample
mean and sample standard deviation of the I. values currently assigned
to layer k. For coefficients wX and w%, the prior means are set to zero,

while their standard deviations are defined as [Iéf‘nlax —Iﬁnin] / [zs,lfgx -

zM1 for wk and (10 o — I

'min ¢, min

2 2
1/1(ze)” = %)) for wk. Maximum
likelihood estimations of the GMM parameters, mixm, iy, and s7,, are

given by Chen et al. (2014) as follows:
Nk,m

Tem = =g (11-a)
" Zlk(:lN km
1 Nim
Him = Nk.m n=1lnn=k Zmn (1 1 -b)
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2 1 - 2
Skm =3 Z (vaﬂ - luk.m)

km 1 dmn=k

(11-0)

Here, a constraint is imposed such that layers remain continuous in the
vertical direction. This requires that, within a CPT log, all points
belonging to the same layer appear in one contiguous depth interval,
with no intervening points assigned to other layers. In addition, each
CPT log contains non-repeating depth entries that are uniformly spaced
between the minimum and maximum depths; in other words, the depth
values are uniformly distributed along the sounding. Consequently, the
mean and variance of the depth values within each layer can be
approximated by those of a uniform distribution. Under these condi-
tions, the GMM gate parameters can be expressed directly in terms of the
mixture weights and the total depth of each CPT as

k-1 1
i = H(z +2nk,m)

(12-a)

Spm = i(7rk,mH)2 (12-b)

12

where H denotes the total depth of each CPT profile. Equations (12-a)
and (12-b) assume that the layer indices are ordered from the ground
surface downward. Accordingly, once the clusters are initialized, the
layer indices are assigned based on the average depth of each cluster.
Hence, a lower k is given to the layers with lower average depth.

(3) E-step: The indicator variables are updated using the maximum a
posteriori (MAP) criterion,

lm.n = argg‘lax[ﬂkmN(Zmﬂl/’lk.mv sl%,m)N(IC-ma" ‘mk (Z’"’") ’ Gi )] (13)

where o2 denotes the marginal variance associated with the k™ GP under
the current parameter estimates. Since this step updates only the latent
layer assignments and does not update the model parameters, it con-
stitutes the E-step of the hard-cut EM algorithm.

Steps (2) and (3) are repeated until the indicator variables no longer
change between consecutive iterations. Note that the E-step and M-step
are carried out simultaneously using the data from all CPTs. This is
because the layer-specific GP parameters are shared across all CPTs and
represent the common spatial variability of each layer, whereas the
GMM parameters vary from one CPT to another, since they describe the
location and vertical spread of the layers at each individual CPT.

The hard-cut EM algorithm assigns each observation deterministi-
cally to a single layer during the maximization step and therefore does
not explicitly account for assignment uncertainty when estimating layer-
specific GP hyperparameters. This approximation may introduce bias
when layer-specific I, distributions are not sufficiently separated, since
GP parameters are then estimated using only the subset of observations
assigned to each layer. In principle, this limitation can be alleviated by
sampling-based approaches such as MCMC-EM (Wu and Ma, 2019),
which propagate assignment uncertainty through the estimation pro-
cedure. However, such methods require computationally demanding
MCMC simulations within each EM iteration together with convergence
diagnostics, resulting in substantially increased computational cost. For
this reason, the hard-cut EM formulation is adopted here to maintain
computational efficiency. When layer-specific I. distributions are
reasonably separated, posterior membership probabilities are typically
close to 0 or 1 for most of the points and the difference between hard and
soft assignment becomes limited. Moreover, uncertainty in layer mem-
bership is explicitly reintroduced at the prediction stage through the
probabilistic combination of layer-specific GP outputs using interpo-
lated layer probabilities.

(4) Prediction: After training, the I, value at a prediction point & =
(2+,x+) is represented as a weighted mixture of the predictions from the
K layer-specific GPs as

Computers and Geotechnics 200 (2026) 108459

p(Lle) = S PU=KEINL . V] (14)
Here, P(l-= k|€.) is the posterior probability that the prediction point
belongs to layer k, and ,uk and Vk are the predictive mean and variance,
respectively, of the k™ GP at &., computed using Eqs. (5) and (6).

The predictive distribution given in Eq. (14) is a Gaussian mixture.
The corresponding predictive variance can be decomposed into two
contributions: a within-layer component associated with spatial inter-
polation uncertainty inside each layer, and a between-layer component
associated with uncertainty in layer membership. The second compo-
nent becomes dominant near stratigraphic transitions where multiple
layer probabilities are comparable. Therefore, predictive variance in-
creases near layer boundaries. In contrast, stationary GP models do not
explicitly represent this boundary uncertainty component.

2.1.4. Multi-task GP model

After the training phase, the GMM gate parameters at locations be-
tween CPTs are determined from the mixture weights associated with
each layer. In the proposed framework, only the mixture weights are
interpolated directly, while the corresponding GMM means and vari-
ances are subsequently obtained from Egs. (12-a) and (12-b). To inter-
polate the mixture weights in the horizontal direction, a multi-output
(multi-task) Gaussian Process (MTGP) model is used. The advantage of
the MTGP is that it explicitly accounts for correlations between the
mixture weights of different layers. The MTGP extends the standard
Gaussian Process (GP) framework to jointly model multiple correlated
outputs. The formulation adopted in this study follows Bonilla et al.
(2007), which also forms the basis of the implementation in the GPy-
Torch library (Gardner et al., 2018).

For CPT m, let the vector of mixture weights be defined as
[71,m, T2m** Tk m|, Wwhere xp, is the horizontal coordinate of CPT m. In the
MTGP framework, the layer index k =1,--,K is treated as the task
index, and the joint distribution of the mixture weights over all CPT
locations is modeled as a multivariate Gaussian distribution:

p(|x) ~ N[, Cr @ Clx, x)] (15)

where 7 is the stacked vector of all mixture weights, u, is the corre-
sponding mean vector, Cr is the task covariance matrix describing cor-
relations between layers, C(x,x) is the covariance matrix over the
horizontal coordinates of the CPTs, and ® denotes the Kronecker prod-
uct. Compared with the standard GP formulation in Eq. (1), the addi-
tional task covariance term allows the MTGP to capture both spatial
dependence and inter-layer dependence in a scalable manner. The un-
derlying assumption is that the outputs, i.e., the mixture weights of
different layers, are correlated and share the same horizontal spatial
correlation structure.

In this study, the horizontal covariance function of the MTGP is taken
as the squared exponential kernel,

2
c(xi, %) = exp<|xi2__rzxj|> (16)

where 7 is the horizontal correlation length of the MTGP. The hyper-
parameters of the MTGP are trained by the maximum likelihood
method. For the implementation of the MTGP and GP components in the
MGP, the GPyTorch library (Gardner et al., 2018) has been employed.
The Adaptive Moment Estimation (ADAM) optimizer is employed to
maximize the likelihood functions, which is a stochastic gradient-based
optimization algorithm that adaptively adjusts the learning rate for each
parameter based on estimates of the first and second moments of the
gradients.

After training the MTGP, the posterior probability of layer mem-
bership at a prediction point & = (2+,x+) is estimated by Monte Carlo
simulation. In each realization r = 1, ---, R, a sample of the mixture-
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weight vector, 7i” = [7‘[;(’) ,ﬂ;(') ,mn;(r)], is drawn from the MTGP, and the
remaining gate parameters are computed using Eqgs. (12a) and (12b).
Subsequently, layer labels are assigned according to the maximum a
posteriori (MAP) criterion described in Eq. (17):

w5707 ) | a7)

1) = argmax [n;mN (z
k

The probability of a layer's existence at a given point, P(l.= k|€.), is
then approximated as the ratio Ni /R, where N is the number of Monte
Carlo samples in which the point is classified into the k™ layer, and R is
the total number of realizations, which is set to 500 in this research.

Note that the mixture weights must be non-negative and sum to one.
However, the MTGP in Eq. (15) defines a Gaussian predictive distribu-
tion over the mixture weights, and Gaussian samples are not guaranteed
to satisfy this simplex constraint. To address this issue, a clipping-and-
renormalization procedure is adopted to map each sampled mixture-
weight vector onto the admissible simplex before it is used in the MAP
layer-assignment step. Specifically, negative sampled values are first
truncated to zero, and the resulting weight vector is then normalized by
its sum so that all entries are non-negative and sum to one. This pro-
cedure does not constitute a fully coherent probabilistic model on the
simplex, but it has been used as a practical approximation for con-
structing admissible mixture proportions (Zhang et al., 2026). A more
coherent probabilistic treatment, such as a logistic-normal formulation
that maps unconstrained Gaussian variables onto the simplex using a
softmax transformation, may be considered in future work (Aitchison
and Shen, 1980).

2.2. Performance metrics

To assess the predictive capability of the proposed MGP model,
appropriate performance metrics are essential. In this study, two widely
used deterministic accuracy measures, Root Mean Square Error (RMSE)
and Mean Absolute Error (MAE), are employed. These metrics are well-
established in the literature and straightforward to interpret. In addi-
tion, for geotechnical applications, the accuracy of the uncertainty
quantification is particularly important. Shuku and Phoon (2023) sug-
gested using two additional metrics for Gaussian Process (GP) models:
the coverage percentage (i.e., the proportion of data points falling
within the 95% confidence interval) and the width of the confidence
interval. A model with a higher coverage percentage and narrower
confidence interval is generally preferred. However, when one model
achieves a higher coverage but also has a wider confidence interval than
another, these metrics may yield conflicting conclusions. To address this
limitation, we adopt the Mean Log Loss (MLL) metric proposed by
Rasmussen and Williams (2006). MLL provides a unified quantitative
measure that implicitly balances both narrow confidence intervals and
high coverage ratios. It is computed as the mean negative logarithm of
the predictive density evaluated at the observed test values. In the
proposed MGP framework, the predictive distribution is given by the
Gaussian mixture defined in Eq. (14). Therefore, the predictive density
at each test location is obtained as the weighted sum of the layer-specific
Gaussian predictive densities using the corresponding layer probabilities
P(L=k|€'). The MLL is then computed by averaging the logarithm of this
predictive density over all test observations, and can be expressed as:

Niest

MLL =

( Iubs

) 18)

(I?bs - M;&)z
) Zk Plli= ) —,.eXP o, 19)

22Vi

p(rz

Here, y; and V; denote the predictive mean and variance, respectively,

of the k™ GP component at the i test location &.
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Another performance metric used in this study is the Identification
Rate (IR). It is computed by comparing the predicted and actual soil
behavior type (SBT) distributions after classifying the ground according
to Robertson and Wride (1998). The IR is defined as the ratio of the
number of correctly predicted soil types to the total number of data
points at the test locations.

3. Synthetic data example

A synthetic data experiment was conducted to evaluate the perfor-
mance of the proposed MGP model under controlled conditions where
the true subsurface layering and spatial statistics are known. Three
distinct geological layering geometries were considered, each consisting
of three layers in the synthetic profile. The first geometry represents the
simplest case, with perfectly horizontal layer boundaries. In the second
geometry, the thickness of the middle layer remains constant, but the
layer boundaries are inclined. In the third geometry, the middle layer
tapers out and disappears. For all scenarios, the layer boundaries were
modeled as linear functions of the form a + bx, where the parameters a
and b for each layer are given in Table 1.

For each layer, synthetic I, values were generated based on the sta-
tistical properties summarized in Table 2. Correlation lengths for the
layers were selected following values reported in the literature (Phoon
et al., 2022; Shuku and Phoon, 2023), while the means and the variances
were chosen to minimize substantial overlap between the I, distributions
of different layers, as summarized in Table 2. A single exponential cor-
relation function, as defined in Eq. (2), was employed to model the
spatial correlation. To create a more challenging test case, the synthetic
data were generated with a constant mean (i.e., no within-layer trend),
whereas the individual GPs in the MGP model employed a quadratic
mean function. This setup serves as a test of the model’s resistance to
overfitting, allowing evaluation of its performance when the underlying
trend order is less than quadratic.

The virtual ground models were generated with a spatial resolution
of 0.10 m in the vertical direction and 1.0 m in the horizontal direction,
and resulted in grids that extend 10 m in depth and 20 m horizontally.
Each virtual ground, therefore, contains 100 x 20 = 2000 data per
scenario. The resulting I, fields for the three virtual grounds are shown
in Fig. 2. To emulate site investigation data from CPTs, the synthetic I,
values were sampled at four horizontal locations: i.e., at x = 2.5m, 7.5
m, 12.5 m, and 17.5 m, as shown by the dashed lines in Fig. 2. This
sampling produced 400 data points for model training, while the
remaining points were used to evaluate the interpolation performance of
the MGP model.

The estimated trend coefficients from the three-layer MGP model,
trained on CPT data for all three scenarios, are presented in Table 3. The
results indicate that the coefficients of the linear and quadratic terms are
either very small in magnitude or have opposite signs, effectively
yielding a constant mean in each layer, consistent with the underlying
statistical structure of the synthetic data. This confirms the MGP model’s
ability to avoid overfitting when the true mean structure is simpler than
the assumed quadratic form. Fig. 3 shows the initial layering determined
by K-means clustering, which is used to initialize the MGP model. The K-
means results already capture the main stratigraphic structure at the
CPT locations and provide a reasonable initial partition of the data into
three layers. Fig. 4 illustrates the estimated trends together with the
sampled CPT observations. In the trend plots, different colors represent
the layers to which the data points are assigned. Comparison of Figs. 3
and 4 shows that the MGP model refines the initial K-means-based

Table 1
Equations of the layer boundaries in Fig. 2. In the table, z represents depth (m).
Scenario 1 Scenario 2 Scenario 3
1st layer boundary z=2 z=2+0.1x z=2+0.1x
2nd layer boundary z2="6 2 =6+ 0.1x z =6-0.1x
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Table 2
Input parameters for the synthetic soil profile.
mean (u) stdv. (o) 6, (m) Oy (m)
Layer 1 1.3 0.1 0.4 10
Layer 2 3.2 0.2 1.2 15
Layer 3 2.1 0.15 0.8 12

layering and provides highly accurate identification of layer boundaries
at the CPT locations, closely matching the true stratigraphic boundaries
in the synthetic profiles.

The interpolation performance of the MGP compared to that of a
single GP is summarized in Table 4. In most cases, the MGP achieved
lower interpolation errors than the GP, with the only exception being a
slightly higher MLL value for Scenario 1. This difference arises because
RMSE and MAE evaluate only the accuracy of the predictive mean,
whereas MLL evaluates the full predictive distribution and is therefore
sensitive to both mean prediction and variance calibration. According to
Eq. (5), the predictive mean is a weighted combination of the observed
data, with weights determined by the covariance structure. Since the
horizontal scale of fluctuation is larger than the vertical one, observa-
tions at similar depth have a stronger influence on the mean prediction.
As a result, correct layer assignment has a greater effect on RMSE and

Scenario 1

Depth (m)

Scenario 2
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MAE, particularly when the layer boundaries are inclined and the hor-
izontal heterogeneity increases. In contrast, for fixed hyperparameters,
the predictive variance depends only on the calibrated covariance
structure. When the ground is divided into layers, fewer data are
available to estimate each layer-specific covariance model, which in-
creases statistical uncertainty in the covariance calibration. This inter-
pretation is consistent with the general identifiability issue of covariance
parameters: when the available data provide limited information about
the correlation structure, especially in the horizontal direction,
maximum-likelihood estimates may not fully represent the uncertainty
in the scale of fluctuation. In Scenario 1, where the layering is hori-
zontally simple, the benefit of separating observations by layer is
limited, and this reduction in calibration efficiency can lead to a slightly
higher MLL for the MGP despite improved RMSE and MAE. For Sce-
narios 2 and 3, however, the performance gap between the two models
increases as the layer geometry becomes inclined, indicating that ac-
curate boundary assessment becomes more important when stratigraphy
deviates from horizontal layering. The evolution of the mixture weights
in the horizontal direction is shown in Fig. 5. These mixture weights are
obtained by MTGP interpolation and are used to generate the layer
probabilities between CPT locations. The results show that the weights
remain nearly constant in Scenario 1, whereas they vary progressively in
Scenarios 2 and 3 in accordance with the inclination of the layer

Scenario 3

x (m)

Fig. 2. Spatial distribution of I. for virtual ground profiles (vertical dashed lines show the sampling locations for training data).

Table 3
Trend coefficients that were obtained after fitting a 3-layer MGP.
Scenario 1 Scenario 2 Scenario 3
wo wy wo wo w1 w2 Wo w1 w2
Layer 1 1.28 0.014 -0.016 1.28 0.005 0.001 1.28 0.005 0.002
Layer 2 3.20 0.040 -0.014 3.23 0.011 0.003 3.27 0.03 -0.004
Layer 3 2.10 0.042 -0.002 217 0.014 -3e-4 212 0.014 3e-4
(@) (b) (c)
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T L L
2 i ¥ ? i i
y { Al Al
g 44 2 Y ! 4 s\ 4 \ ‘\ }
0 {4 S
5 | | | « g Al T
(] 6 . ° . i! 5, 1 - 1 \
I RIRNIRY } Y| - ]
» ) £ )
2l L] T J [ {
3 b3 4§
] ! !
10 L L z Ly L 2 Ly LS
2 42 42 42 4 2 42 42 42 4 2 42 42 42 4
IC IL' ]L’ 1(' IL‘ IL’ IC IL’ IL‘ [L‘ IL’ [C

Fig. 3. Initial layer assignment after K-means clustering: (a) Scenario 1, (b) Scenario 2, (c) Scenario 3. Different marker colors indicate different layers.
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Fig. 4. The data used for training and the global trend (solid lines) that were fitted by the MGP model with 3 components: (a) Scenario 1, (b) Scenario 2, (c)

Scenario 3.
Table 4
Comparison of the error metrics obtained by GP and 3-layer MGP.
Scenario 1 Scenario 2 Scenario 3
GP MGP GP MGP GP MGP
RMSE 0.092 0.087 0.143 0.098 0.148 0.122
MAE 0.072 0.068 0.092 0.070 0.096 0.084
MLL -0.974 -0.862 -0.525 -0.750 -0.498 -0.825
IR 0.86 0.86 0.80 0.86 0.81 0.86

boundaries. The uncertainty associated with the interpolated mixture
weights is very small and visually unnoticeable, which is consistent with
the fact that the location of the true layer boundaries in the synthetic
data vary linearly with horizontal distance. This difference is also

evident when comparing the I, predictions from the GP (Figs. 6a—c) and
the MGP (Figs. 6d-f). While the GP produces smooth transitions near
layer boundaries, the MGP captures sharper changes, better represent-
ing the higher variability typically present in these regions of the virtual
ground.

Similar trends are observed in terms of the identification rate (IR).
The IR values of the GP and MGP are nearly identical for Scenario 1 but
show greater differences for the other two scenarios. Figs. 7a-c illustrate
the true soil type distribution based on the synthetic data, whereas
Figs. 7d-f and 7g-i show the predicted soil type distributions obtained
from the GP and MGP models, respectively. Misclassifications in the GP
predictions occur more frequently near the transition zones between
major layers, whereas the MGP provides a more accurate delineation of
soil types.

Scenario 1 Scenario 2 Scenario 3
n 1.0
Y= —— Layerl
le)]
-g — Il:ayer§
i — Layer
5 " ° ° ° ° M __.———'*/.—_—*_
3
- o o o o
X S—f——t——=
= 0.0 : : : : : :

5 10 15 5
Horizontal distance (m)

Horizontal distance (m)

10 15 5 10 15
Horizontal distance (m)

Fig. 5. Change of layer GMM mixture weights with horizontal distance after MTGP interpolation. In Scenario 1, the mixture weights of layer 2 and layer 3 overlap.
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Fig. 6. Comparison of interpolation results using three-layer MGP and Gaussian process: a, b, ¢, and d, e, f show interpolation of I. using GP and MGP, respectively.
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Fig. 7. Comparison of the soil behaviour type distributions of the input data, GP model, and three-layer MGP model.

4. Implementation with real CPT data

The proposed MGP model was applied to real CPT data in order to
evaluate its performance under real site conditions. A total of ten CPT I,
profiles from the Groningen region in the Netherlands were used in this
study. The relative spatial locations of the CPTs are shown in Fig. 8,
providing an overview of the investigation layout. Fig. 9 presents the
corresponding I, profiles together with the interpreted soil types based

on Robertson and Wride (1998) to give an insight into the stratigraphic
variability at the site.

In the synthetic data experiments, the true number of components
was predefined, allowing the MGP model to be trained with this known
value. However, for real ground conditions, the correct number of
components is not known in advance and must be determined from the
data. Therefore, K-fold cross-validation is applied to determine the
number of layers in the MGP model. To implement this approach, CPT3

A Training CPTs & Test CPTs
A A < A A A <o A A A
CPT1 CPT2 GPT3 CPT4 CPT5 CPT6 CPT7 CPT8 CPT9 CPTI10
0 50 100 150 200
Distance (m)
Fig. 8. Layout of CPTs.
CPT1 CPT2 CPT3 CPT4 CPT5 CPT6 CPT7 CPT8 CPT9 CPT10
2.5 . . . . 1 . . . .
5.0 1 ] . . . 1 . . . .
7.5 1 . . . . . . . . .
= 32 =
§ 10.0 . 3 . ) . f} . Al b = .
§~ 125 1 e 3| - { 1 1 3
15.0 . 1 . . . . . )
17.5 A . 1 . . 1 . 1 . .
200423 A 1 . . 1 . . . .
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I, < 1.31: Grcavel
1.31 <1, <2.05: Clean sand
2.05 <1, <2.60: Sand mixtures

I q z I I,

2 4 2 4 2 4 2 4 2 4
I, 1, 1, /8 I
2.60 <1, <2.95: Silt mixtures

0 2.95<1,<3.60: Clay
1, > 3.60: Organic clay-peat

Fig. 9. I distribution and classification of the CPT data that were used for implementation.
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Table 5

Mean error results obtained by each fold in cross-validation.
# of layers RMSE MAE MLL
1 0.274 0.192 0.344
2 0.283 0.197 0.300
3 0.263 0.178 0.199
4 0.285 0.195 0.674

and CPT7 were removed from the dataset and reserved as test data; these
profiles were also excluded from the cross-validation process. Among
the remaining CPTs, one profile between CPT1 and CPT10 was removed
at each fold to serve as a validation set. The model was then trained with
different numbers of components, and the RMSE was calculated by
comparing the mean estimates of the MGP model with the observed I,
values at the validation locations. The three-component model yielded
the lowest mean RMSE, MAE and MLL as shown in Table 5, and was
therefore selected as the most appropriate representation of the data.
The four-layer model gives slightly worse RMSE and MAE than the three-
layer model, while its MLL shows a significant increase. This indicates
poorer calibration of the predictive variance, most likely because the
additional component is not supported by the available CPT profiles.

It is observed that all CPTs exhibit a consistent stratigraphic pattern
in which a clayey layer lies between two sandy layers, except for CPT1
and CPT2. This intermediate clayey layer generally occurs between
depths of approximately 7 m and 15 m, although its exact position varies
from one CPT to another. This recurring structure supports the use of
three main layers in the MGP model. A second, deeper clayey layer is
observed between about 17.5 m and 20 m in CPT1 and CPT2; however,
this feature is absent in the other CPTs. Because it is only captured at two
isolated locations, there is insufficient information to establish a
continuous stratigraphic boundary or meaningful spatial statistics for
this deeper clayey layer, and therefore, it is not identified as a separate
component in the MGP.

Fig. 10 presents the results of the MGP model after training with all
available CPT data except for the data reserved for the test set. The
observed I. values and the computed quadratic trends are shown, with
each layer represented in a distinct color for both the data and the fitted
trend. The computed trend parameters and hyperparameters of the GPs
for each layer are summarized in Table 6. The results show that the
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GP is used to represent the entire profile, are listed in the last row of
Table 6. A key observation is that both the horizontal and vertical scales
of fluctuation are smaller in the MGP model than in the single GP model.
This difference arises because, when a single GP is applied to the entire
ground, the heterogeneity introduced by multiple layers inflates the
estimated scale of fluctuation, whereas the MGP framework accounts for
stratification explicitly and thus yields more realistic estimates. On the
other hand, the horizontal scales of fluctuation reported in Table 6
should be interpreted with caution. In contrast to the vertical scale,
which is informed by many measurements along each CPT profile, the
horizontal scale is inferred from a limited number of CPT locations. As a
result, the marginal likelihood may be relatively flat with respect to the
horizontal scale of fluctuation, and the maximum-likelihood estimates
should be regarded as indicative correlation parameters rather than
precisely identified site constants. Since the present study uses
maximum-likelihood estimates, uncertainty in the covariance hyper-
parameters is not propagated into the predictive variance.

When the layering is inspected closely, it is seen that the first layer
predominantly consists of clean sands and sand mixtures, the second
layer is composed mainly of silt mixtures and clays, and the third layer
again primarily comprises clean sands and sand mixtures. Fig. 10 in-
dicates that the fitted boundaries at the CPT locations are geologically
more consistent for the transition between the second and third layers
than for the transition between the first and second layers. The latter
remains less distinct because sandy and clayey soils are interbedded in
several CPTs. For instance, at CPT5, a clean sand interval occurs within
an otherwise clayey-silty section, complicating the identification of a
clear boundary between the first and second layers. It should be noted
that uncertainty in the layer determination at the CPT locations is not
represented in the present model. Once the layer thicknesses at the CPT
locations are determined by the hard-cut EM procedure, they are treated
as fixed in the subsequent interpolation stage.

The most probable distribution of the layers across the site is shown
in Fig. 11a, while the corresponding uncertainty in the most probable
layering is presented in Fig. 11b. The layers described in Fig. 11 consist
of mixed soil types, meaning that parts of a single layer can exhibit

Table 6
Trend and covariance parameters of each layer of MGP and Gaussian process.

coefficients of the linear and quadratic terms are very small for the first wo w1 25 o* 6y (m) 6 (m)
and third layers, indicating that the trends in these layers are negligible. Layer 1 1.89 20,011 4.60e-4 0.052 1 69.6
In contrast, the middle layer exhibits a slight quadratic trend, consistent Layer 2 2.53 0.181 -1.88e-2 0.169 1.5 26.6
with its more complex soil composition. For comparison, the parameters Layer 3 2.06 -2.45e-2 2.20e-3 0.108 1.8 33.5
obtained from a traditional Gaussian Process approach, where a single P 218 228e-2 -146e-3 0.426 54 128.6
CPT1 CPT2 CPT4 CPT5 CPT6 CPT8 CPT9 CPT10
5 = - = - - - [ - -
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Fig. 10. Layering and mean fitting results on training CPT data. Layers are indicated by different colors of the trend lines.
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Fig. 11. The most probable layering (a) and uncertainty in layer boundaries (b) for the 3-layer MGP.

different behaviors. This is particularly evident in the third layer, where
clayey soils are embedded within sandy deposits (see Fig. 10). For this
reason, directly inputting such broad-scale layering into geotechnical
analyses may not be appropriate. Nevertheless, working with larger-
scale layering is still valuable, as it enables more accurate estimation
of spatial variability and improves interpolation accuracy. To achieve
consistency in numerical analyses such as finite element modeling,
however, a finer-scale representation of the layering is needed, and this
can be obtained by using the I, predictions from the MGP model. Fig. 12a
presents the mean I, distribution across the site, while Fig. 12b shows
the variance of the MGP estimation. Based on these spatial distributions,
the most probable soil behavior type classification is derived and illus-
trated in Fig. 12c, where features such as the clay inclusions within the
sandy third layer (observed in Fig. 10) are explicitly captured and can
therefore be incorporated into geotechnical analyses. The corresponding
uncertainty in the most probable soil type distribution is shown in
Fig. 12d. To compute these uncertainties, 500 realizations of the I, field
were generated by sampling from the predictive distribution of the MGP
model and classifying each realization according to the Robertson and
Wride (1998) soil behavior chart. From these samples, the probability
of each soil type at every location was calculated using the same
approach described in Section 2.1.

For comparison, equivalent results obtained with a single GP model
are shown in Fig. 13. The first notable difference between the two ap-
proaches appears in the variance distribution of their I, estimations. In
the GP model (Fig. 13b), the variance depends primarily on the distance
from the CPTs. In contrast, the variance in the MGP model (Fig. 13b)
reflects not only the distance to the CPTs but also the point’s layer
assignment and its proximity to layer boundaries.

As shown in Fig. 12b, the variance of the MGP predictions increases
near layer boundaries, which is consistent with geological reality, where
stratigraphic transitions are inherently uncertain. Beyond boundary ef-
fects, a key feature of the MGP results is the clear contrast in uncertainty
levels between different layers. In particular, the uncertainty of I, in the
top sandy layer is noticeably smaller than that in the middle clayey-silty
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layer. This behavior is geotechnically reasonable and reflects the
inherent variability observed in the CPT data: the top layer exhibits
relatively uniform I, values with low scatter across CPTs, whereas the
middle layer shows substantially higher variability due to its mixed soil
composition and frequent alternation between silts and clays. Because
the MGP assigns a separate GP to each layer, it is able to learn and
propagate these layer-specific variance characteristics into the predic-
tion and uncertainty estimates.

Although the most probable soil type distributions obtained from the
GP and MGP appear broadly similar (Figs. 12¢ and 13c), differences
emerge at the transition between the second and third layers. In this
zone, the stationary GP produces a relatively thick sand-mixture tran-
sition (highlighted by red dashed ellipses in Fig. 13c), whereas the MGP
yields a thinner transition zone that more closely matches the CPT ob-
servations. This difference arises because the MGP framework can
accommodate steep changes in the data by allowing both the mean and
variance to vary across layers, rather than enforcing a single stationary
structure. The contrast becomes even more pronounced in the uncer-
tainty maps of the soil type distribution (Figs. 12d and 13d). In the MGP
results, the uncertainty is distinctly higher in the middle clayey-silty
layer and lower in the sand-dominated layers, directly mirroring the
layer-dependent CPT variability. In contrast, the single GP model pro-
duces relatively uniform uncertainty estimates that depend primarily on
the distance from CPTs and fail to distinguish variability between soil
layers. Consequently, the MGP provides a more realistic and geo-
technically interpretable representation of both stratigraphic variability
and the associated uncertainties.

The overall interpolation accuracy was further evaluated using the
test data (CPT3 and CPT7). The performance metrics of the MGP model
are summarized in Table 7, together with those obtained from the GP
model and the non-stationary GP model proposed by Yoshida et al.
(2021) for comparison. In the approach of Yoshida et al. (2021), CPT
data are modeled as the superposition of two Gaussian processes: a
smooth zero-mean GP representing the global trend and a non-smooth
zero-mean GP representing the residual component. Following their
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Fig. 12. Prediction results by 3-layer MGP for the entire ground profile.
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Fig. 13. Prediction results by GP for the entire ground profile.

Table 7
Error metrics calculated on test data.
RMSE MAE MLL IR
Three-layer MGP 0.27 0.186 -0.127 0.74
GP 0.286 0.207 0.171 0.72
Non-stationary GP 0.27 0.206 0.141 0.68

recommendation, a squared exponential covariance function was used
for the trend component and a single exponential covariance function
for the residual component. The results of this comparison are shown in
Fig. 14 and Table 7. On the test data, the MGP consistently outperformed
the stationary GP, showing a slightly lower RMSE and MAE, a higher IR,
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and a substantially lower MLL. Compared with the non-stationary GP,
the three-layer MGP yielded the same RMSE but a lower MAE and MLL,
and higher IR values. Fig. 14 presents the predictions from all models
together with the observed data at the test CPTs. The mean prediction of
the non-stationary GP appears to change smoothly near layer bound-
aries, even more smoothly than that of the stationary GP, which may be
due to the smooth global trend assumption. This behaviour explains why
the non-stationary GP yields a lower IR, despite performing better than
the stationary GP in terms of the other error metrics. In addition, the
uncertainty bounds produced by the non-stationary GP remain nearly
uniform with depth, similar to those of the stationary GP, since both the
trend and residual components are modeled as global processes.
Although the confidence intervals produced by the non-stationary GP
match the observations better than those of the stationary GP and result
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Fig. 14. Comparison of the predictions of GP (a, b), 3-layer MGP (c, d), and non-stationary GP (e,f) on test CPTs.

in lower MLL values, their width remains nearly uniform with depth. In
contrast, the uncertainty bounds produced by the MGP vary according to
the assigned layer. This allows the MGP to represent changes in uncer-
tainty associated with stratigraphic transitions more effectively. This
conclusion is further supported by the significantly lower MLL values
achieved by the MGP model (Table 7). Since MLL measures the consis-
tency between the predictive distribution and the observed test data, its
reduction indicates that the MGP framework provides a more reliable
quantification of uncertainty.

5. Conclusions

This study has presented a Mixture of Gaussian Processes (MGP)
framework for two-dimensional site characterization using CPT data. By
integrating Gaussian Processes with probabilistic layer estimation, the
model addresses the key limitation of conventional GP approaches; their
inability to represent non-stationarity arising from stratified soils. A
central distinction between the two methods lies in their uncertainty
quantification. While a single GP produces uncertainty estimates that
depend almost exclusively on the distance from CPTs, the MGP in-
corporates both the proximity to stratigraphic boundaries and the layer-
dependent spatial variability, yielding a more realistic and geotechni-
cally meaningful representation of subsurface uncertainty.

Results from the synthetic experiments and real CPT data show that
the MGP generally improves interpolation accuracy and probabilistic
performance relative to the standard GP, although the improvement is
not uniform across all metrics and scenarios. The most important
improvement is reflected in the lower mean log-loss (MLL) values ob-
tained in the inclined and more complex synthetic scenarios and in the
real CPT application, indicating that the predictive distributions
generated by the MGP provide better probabilistic calibration in non-
stationary stratigraphic settings. In Scenario 1, where the layer bound-
aries are horizontal and the stratigraphic geometry is simple, the benefit
of the MGP is less pronounced, and the MLL is slightly worse than that of
the GP. This indicates that the advantage of the MGP becomes most
relevant when layer boundaries are inclined or geometrically complex,
where layer-dependent variability and boundary uncertainty play a
larger role. Note that although a quadratic trend was assumed within

14

each layer, the synthetic tests verified that the model does not overfit
when the true underlying trend is simpler, underscoring the robustness
of the proposed framework.

The proposed MGP framework is most suitable for stratigraphic
settings in which the major layer ordering is laterally preserved and the
layer boundaries vary smoothly across the section. Under these condi-
tions, the layer-specific I, fields and the mixture weights can be inter-
polated effectively by GP and MTGP models, with their covariance
structure and horizontal correlation lengths learned from the data by
marginal likelihood maximization. However, the method is less suitable
for deposits with abrupt stratigraphic unconformities, strong erosional
truncation, or layer reordering, because the smooth interpolation of
mixture weights cannot explicitly represent such discontinuities. In such
cases, denser CPT spacing or the incorporation of additional geological
or geophysical information may be required to characterize more com-
plex subsurface conditions. In addition, when the CPT profiles mainly
exhibit a common monotonic trend and the remaining non-stationarity
is weak, a single-component GP may be sufficient after detrending,
reducing the advantage of the proposed mixture formulation.

Finally, it should be noted that CPT measurements have finite mea-
surement support because the cone senses a finite volume of soil rather
than an ideal point response (Ahmadi and Robertson, 2005; Boulanger
and Dejong, 2018). As a result, thin layers or sharp boundaries may be
vertically averaged in the measured I profile. This support effect can
contribute to apparent boundary smoothing and may also influence the
estimated autocorrelation parameters. Consequently, part of the
boundary uncertainty represented by the MGP may reflect the finite
support of the CPT measurement, rather than true geological uncer-
tainty alone. A full change-of-support treatment is left for future work.
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