<]
TUDelft

Delft University of Technology

Document Version
Final published version

Licence
CCBY

Citation (APA)

Paul, J., van Dalen, K. N., Faragau, A. B., van Leijden, R. J., Carboni, B., & Metrikine, A. V. (2026). Simple and
combination parametric resonances of an electromagnetically suspended vehicle subject to base excitation. Nonlinear
Dynamics, 114(17), Article 1118. https://doi.org/10.1007/s11071-026-12917-7

Important note
To cite this publication, please use the final published version (if applicable).
Please check the document version above.

Copyright

In case the licence states “Dutch Copyright Act (Article 25fa)”, this publication was made available Green Open
Access via the TU Delft Institutional Repository pursuant to Dutch Copyright Act (Article 25fa, the Taverne
amendment). This provision does not affect copyright ownership.

Unless copyright is transferred by contract or statute, it remains with the copyright holder.

Sharing and reuse

Other than for strictly personal use, it is not permitted to download, forward or distribute the text or part of it, without
the consent of the author(s) and/or copyright holder(s), unless the work is under an open content license such as
Creative Commons.

Takedown policy
Please contact us and provide details if you believe this document breaches copyrights.
We will remove access to the work immediately and investigate your claim.


https://doi.org/10.1007/s11071-026-12917-7

Nonlinear Dynamics (2026)114:1118
https://doi.org/10.1007/s11071-026-12917-7

RESEARCH q

Check for
updates

Simple and combination parametric resonances
of an electromagnetically suspended vehicle subject to base excitation

Jithu Paul’ - Karel N. van Dalen’ - Andrei B. Faragau' - Rens J. van Leijden’ - Biagio Carboni?
Andrei V. Metrikine'

Received: 24 October 2025 /Revised: 13 July 2026/ Accepted: 25 July 2026
© The Author(s) 2026

Abstract

This paper investigates the dynamic stability of an electromagnetically suspended vehicle, encountered in Hyperloop and
Maglev systems, subject to purely sinusoidal base excitation caused by surface irregularities or vibration of the support
induced by external noise. The narrow airgap between the vehicle and the support makes the system sensitive to the motion
of the support, as small amplitudes of the latter create significant excitation. The vehicle is modelled as a three-degree-of-
freedom model where the vehicle is suspended via two identical electromagnetic actuators from rigid supports that
oscillate. The governing equations are derived using force and torque balances, incorporating nonlinear electromagnetic
forces, and Kirchhoff’s law for the electromagnets with PD control strategy on the airgap. The equations of motion are
linearized around the steady state induced by the surface oscillation, yielding a system with time-periodic coefficients. We
analytically explore both simple and combination parametric resonances using an extended Hill’s method, and Floquet
theory is used for numerical validation. The stability boundaries are obtained as ellipses in the PD control parameter space,
and the influence of system parameters on these boundaries is characterized. For a mean phase shift between the base
excitations, the ratio of the sizes of the two simple-parametric resonance ellipses is three to one, whereas for the com-
bination parametric resonance ellipses, the ratio is fourteen to one. One of the ellipses associated with the combination
parametric resonance is the largest in that situation. Moreover, we found that in all cases, the relative sizes of the ellipses
are independent of the excitation frequency, when normalized by the local width of the stable domain. Additionally, the
impact of using hybrid magnets in the supports—combining electromagnets with permanent magnets—on the parametric
resonances is analysed, showing that they are equivalent to those of the electromagnet-only case; the ellipses only shift in
accordance with an overall widening of the stable domain. Results reveal critical conditions under which each type of
resonance dominates, offering key insights for safe design and operation of magnetically suspended vehicles.

Keywords Maglev - Hyperloop - Electromagnetic suspension - PD control - Parametric resonance - Combination
resonance - Floquet analysis - Extended Hill’s method

1 Introduction Hyperloop concept—an electromagnetically suspended
pod traveling through a near-vacuum tube—has attracted
Magnetic levitation technologies are at the forefront of  significant attention. Despite extensive advancements in
next-generation transport systems due to their potential for ~ vehicle design, control systems, and propulsion, the sta-
high-speed, frictionless travel. Among these, the  bility of these systems under dynamic excitations remains
poorly explored. Recent textbooks provide comprehensive
coverage of the practical aspects of Maglev train
control [1, 2].
For Maglev and Hyperloop designs using electro-mag-
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irregularities, structural vibrations, or aerodynamic distur-
bances—can lead to dynamic instabilities such as various
forms of parametric resonance. These phenomena are
particularly important to understand as they directly affect
ride safety, system integrity, and speed limitations [2].

The stability of vehicles moving along flexible guide-
ways has been investigated from multiple perspectives [3].
Metrikine [4] demonstrated that anomalous Doppler waves
can lead to dynamic instability at high speeds. Aeroelastic
effects such as galloping, flutter, and vortex-induced
vibrations are also known to influence stability, particularly
in lightly damped, slender structures [5-8]. These phe-
nomena have been extensively studied in the contexts of
aircraft and railway vehicles.

In the domain of Maglev systems, several studies have
analysed the effects of magnetic and electromagnetic force
characteristics, and structural flexibility. Cai et al. [9]
analysed the dynamic instability of electrodynamic Maglev
systems by modelling three-degrees-of-freedom and five-
degrees-of-freedom vehicles moving along a double
L-shaped guideway, considering both steady magnetic
forces and motion-dependent magnetic force coefficients.
In another paper by the same authors [10], they explored
the vehicle/guideway interactions in Maglev systems,
focusing on how multiple cars and loads affect stability.
The paper highlights the impact of vehicle/guideway cou-
pling, compares concentrated and distributed loading, and
evaluates ride comfort on single-span and double-span
flexible guideways. A review on the dynamic stability of
repulsive-force Maglev suspension systems is available
in [11]. More complex systems that involve an interaction
between different mechanisms can be found in the fol-
lowing literature. Wu et al. [12] examined suspension
stability under the interaction of aeroelastic and electro-
magnetic mechanisms, while Wang et al. [13] and Zhang
et al. [14] explored the destabilizing role of sensor and
controller delays. Faragau et al. [15, 16] highlighted the
interplay between electromagnetic and wave-induced
mechanisms and mapped the resulting regions of dynamic
stability and occurrence of limit cycles.

A severe dynamic instability can be expected when
considering coupling effects between different degrees of
freedom of electromagnetically suspended vehicles, espe-
cially in the presence of movements of the suspension
caused by either external excitation or infrastructure flex-
ibility. Detailed investigations have been carried out in
studies involving only a translation degree of freedom for
the vehicle suspended from a single oscillating point: one
considering the interaction of the electromagnetic suspen-
sion system with aeroelastic forces [17] and another con-
sidering the interaction of the suspension system with
vibrations of the flexible periodic infrastructure [18].
However, real Maglev and Hyperloop vehicles are
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suspended at multiple points, so rotational motion and
coupling between rotational and translational motions can
naturally occur. The presence of a second suspension point
is not a trivial extension of the single-suspension model; it
introduces an additional instability type, namely combi-
nation parametric resonance, which is absent in the trans-
lation-only configuration. As shown in this paper, this
additional instability can in some cases be the dominant
one. A rigorous study on combination resonance for purely
mechanical systems was conducted by Wanda Szem-
plinska-Stupnicka [19], who extended the harmonic bal-
ance method for parametrically excited systems. Numerous
papers have emphasized the critical role of combination
resonance in the dynamics of complex structures [20-26].

However, simple and combination parametric reso-
nances have not yet been thoroughly investigated for
Maglev and Hyperloop systems, although their relevance
has been noted by [9-11] and others. In this study, we
examine the significance of simple and combination para-
metric resonances as a function of vehicle speed. The aim
is to gain understanding of which parameters are critical for
such instabilities. This benchmark study provides valuable
insights that can serve as a foundation for developing more
sophisticated models representing more realistic scenarios.

Although the focus of the current paper is on trans-
portation applications of Maglev and Hyperloop systems—
particularly electromagnetic suspension (EMS)—the tech-
nology has also been widely utilized in other domains.
Magnetic bearings [27-29], for instance, eliminate the
need for lubrication systems by enabling contactless
operation between the rotor and stator. Similarly, non-
contact electromagnetic control [30, 31] is used in the
deployment of offshore wind turbine structures. These
examples highlight the broad relevance and applicability of
the findings presented in this study.

The paper is structured as follows. Section 2 presents
the problem statement. Section 3 discusses the steady-state
conditions and the linearized equations. Section 4 explores
the types of parametric resonances possible in the system
and analytically derives all the associated instability
boundaries. Section 5 examines the effect of the hybrid
magnet on these instability boundaries. Finally, Sect. 6
provides the conclusions.

2 Problem statement

In this paper we investigate the parametric resonances of
the system shown in Fig. 1. This is an extension of the
problem explored in [17], where we considered a single
PD-controlled suspension. Here, we investigate the effect
of a two-point suspension, which add rotational motion and
enables combination parametric resonance, an additional
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Fig. 1 Model system

instability type absent in the single-suspension system
studied in [17]. The results may be applicable to any
magnetically levitated/suspended mass with at least 2
degrees of freedom that is actively controlled and subject to
external excitations—such as a Maglev train, an Hyperloop
vehicle, a magnetic bearing, or a magnetic pendulum used
in offshore structure deployment. Specifically, we have
chosen parameters corresponding to a scaled Hyperloop
system [15], and the paper is developed accordingly.

The support from which the vehicle is suspended can
undergo oscillations due to external noise or surface
roughness leading to oscillations of the support of the
moving vehicle. In systems like Maglev or Hyperloop
using EMS, the gap between the support and the vehicle is
typically only a one or a few centimetres. The comparable
dimensions of undisturbed airgap and irregularity make the
study of small-amplitude irregularity particularly signifi-
cant; the irregularity can induce parametric resonance.
Understanding the instabilities of the time-periodic steady
state (which is induced by the external excitation) is crucial
for designing supporting structures and determining speed
limits for the vehicle.

As shown in Fig. 1, we consider a model of an elec-
tromagnetically suspended vehicle hanging from two
points (subscripts of variables labelled as 1 and 2), with
mass m, rotational moment of inertia J, and length L. The
vehicle moves with speed v. The rigid support has an ideal
wavy surface characterized by wavelength d, which indu-
ces an (imposed) oscillation to the moving vehicle’s sus-
pensions characterized by frequency
Q, phase shift 6, and amplitude A. Here, Q=2n/T =
2nv/d (as T = d/v) is the temporal excitation frequency
experienced by the moving vehicle, and 6 is the phase
difference between the excitations at the two suspension
points separated by the distance L. The phase difference
stems from the delay (of the experienced wavy profile)

between the two supports: cos(Q(r — Ar)) = cos(Qt — 0),
with Ar = L/v, so that 0 = QAt = 2znL/d.

The vehicle is subject to two similar electromagnetic
forces acting at points 1 and 2, and a gravitational force
acting at its centre of mass. Due to the gap L between the
electromagnetic actuators, a torque is also generated. The
force and torque balances yield the following equations of
motion (EOMs), with z and ¢ being the translation and the
rotation about the centre of gravity, respectively:

r
mz"z—C<l+2> + mg (1)

AL A

" ? PB\L

Jp =—-C 1—2> (2)
(A% A3)2

In Egs. (1) and (2), F; = CIl.z/Aiz, i =1,2, represents the
nonlinear electromagnetic force, where C is the electro-
magnetic constant [2], and the overdot represents differ-
entiation with respect to time. This force model is an
idealized approximation conventionally used for EMS
systems. Effects such as magnetic saturation and other
large-displacement nonlinearities are outside the scope of
the present study; however, they do not affect the linear-
stability boundaries of the steady state considered here.
Assuming small rotations of the vehicle about its centre of
gravity, i.e., |¢| < <1, the position of the vehicle supports
are given by z;, = z+ ¢L/2. The gaps A;, between the
rigid oscillating supports (oscillation is perceived by the
vehicle moving along the wavy pattern) and the vehicle is
given by:

A172 =212 —Wi12; W1 = ACOS(QI); Wy = ACOS(QI — 9)

(3)

The currents in Egs. (1) and (2), for the two electromagnets
are controlled by identical PD controllers. The control
equations, derived from Kirchhoff’s law [2], are as
follows:

: 1,2 .12 1,2
fa 4212 (g_pcBiz), Bz, 4
1,2 ) < %2 1,2 ) 1,2 ( )

In Eq. (4), the voltages U, consist of steady-state com-
ponents and perturbation-induced components. The latter
arise when the gaps A;, and their rates A.ljz deviate from
the steady-state counterparts, which activates the PD
controller:

@ Springer
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U1,2 = Ussl.ssZ + Kp (AI,Z - Assl,ssZ) + Kd (AI.Z - A.ssl,ssz)
(5)

In Eq. (5), K, and Ky are the PD controller parameters,
while Ag ¢ represent the steady-state components of the
gaps at suspensions 1 and 2, respectively. Clearly, in the
steady state, the PD controller is not active.

We note that the model has three degrees of freedom: z
and ¢ both correspond to a second-order equation of
motion and therefore represent one degree of freedom each,
while /; and I, both correspond to a first-order electrical
equation and are therefore counted as half a degree of
freedom each.

3 Steady state and linearised equations

Equations (1), (2) and (4) are nonlinear; for the stability
analysis, we linearise the EOMs about the steady-state
response. In Eqs. (1)—(4), at the steady state, there are 2
pairs of equations and three pairs of dependent variables
Zssl 52> Lss1,s2 and Uggg 0. Hence one pair of variables must
be prescribed to close the definition of the steady
state [17, 18], and we assume the steady-state positions
Zss1.ss2 to be constant and equal to zg (i.e., ¢ = 0). At the
steady state, Eqs. (1) and (2) yield the gaps Ay and
currents I 2, and Eq. (4) gives the voltages U ¢s2 based
on those:

A1 = zs1 —Acos(Qt);  Aso = 20 — Acos(Qr — 60);

/mg
Isslﬁss2 = %Assl,ss% Ussl,ss2 = RISSI,SSZ

To linearise Egs. (1), (2), and (4), we introduce small
perturbations (denoted by the subscript “tr””) around the
steady state as,

Zl,z(t) = Zsslss2 + Atrl,trZ(Z); Iltz(t) = IsslA,ssZ(t) + Itrl,tr2(t)

(7)

(6)

leading to:
m . 2CT? 2CI
5 (Atrl + Atr2) - 3881 Atrl 2351 I
As 1 Assl (8)
L2, 2o, 0
A3 tr2 A2 2 —
ss2 ss2
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2 /. . 2CI2 2CI
E (Atrl - AtrZ) - A3SSI Alrl + AZSSI Itrl

ssl ssl (9)
22:21552 Itr2 =0

ss2

2CI>
+ A;*z A —

ss2

RA? 2CA

ssl,ss2

2CASSl ,882

K ASS ssalss1 ss2
- (22 Assl,ss2 - ]A§22H> Atrl,tr2 (10)

ssl,ss2

Ki  ILsis0 )
B (E—F ASZS = )Assl,ss2Atr1,tr2 =0

ss1,882

ss1,ss2

Itrl,tr2 +

trl,tr2

Eliminating I;;; and Iy» from Egs. (8) and (9) by using
Eq. (10) and substituting Ay = (Ayr + Aw2)/2; ¢ =
(Au1 — Ay2)/L results in the following simplified EOMs:

(—SKPL\/ Cgm + 4\/§ngR> Ay (1)

— 8K 4L/ CgmA[r(t)—
— (\/ELmRASSI (t) + \/ELI’HRASSZ(I))AU([) (1 1)

— (2\/§JRASS] (f) — 2\/§JRA552 (t)) d)tr(t)
— 4V2CLmA(t) = 0

(—4KPL2\/Cg—m + 2\/§gL2mR) by (1)

— 4KL?\/Cgm, (1)~
— (VALmRAG (1) = V2LmRAG (1) ) A (1) (12)

~ (2V2IRAG (1) + 2V2IRAG (1)) (1)
— 8V2C/ (1) =0

where

Ass1 (1) = 7o — A cos(CX)

Ass2 (1) = 29 — A cos(Qr — 0)

=70 — (Pcos(Qt) 4+ Qsin(Qr));
P=Acos0; Q=Asin0

(13)

In the next section, we will explore parametric reso-
nances. Before that, let us analyze the possible natural
frequencies of the system shown in Fig. 1, based on the
linearized system without parametric excitation, i.e., for
A =0, and the same equilibrium position zy. In this case,
the coefficients are time independent, and the natural fre-
quencies are obtained from the regular eigenvalue problem
associated with the corresponding constant-coefficient lin-
earized system. We will have two sets of three eigenvalues,
i.e., six eigenvalues in total, as the system consists of two
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uncoupled subsystems, with 1.5 degrees of freedom each.
At the stability boundary where parametric resonances are
expected [17], each set of eigenvalues contains one real
eigenvalue and a pair of complex-conjugate purely imag-
inary eigenvalues. Therefore, we expect the system to have
two natural frequencies, defined as w; and w,. At the
stability boundary, the natural frequency associated with
the translational/vertical vibration can be obtained through
a simple substitution Ay = Bcos(w;t); ¢, =0; A =0,
where B is an undetermined constant, in Egs. (11), and
(12). Similarly, the natural frequency associated with the
rotational vibration can be determined using the substitu-
tion Ay, = 0; ¢, = Bcos(wyt); A=0 in Egs. (11), and
(12). The obtained natural frequencies read as follows (see
also Fig. 2):

2 1/4
Wy = \/gwl; w1 =V Kd (m—i‘> (14)

The stability analysis for the unexcited system can thus be
performed using standard eigenvalue analysis, and the sta-
bility boundaries are shown as vertical and inclined black
lines in Figs. 3, 4, and 5 (the equilibrium is stable in between);
the right stability boundary is related to an oscillatory, flutter-
type instability (supercritical Hopf bifurcation, as addressed
above), while a divergence instability emerges at the left
boundary.

4 Parametric resonance

It is evident that Egs. (11) and (12) form a homogeneous
linear system with time-periodic coefficients; therefore, the
stability of the free vibration must be examined for possible

350

300

Ka (V s/m) x10

Fig. 2 Possible simple and combination parametric resonance fre-
quencies. Here, w; and w, are translational and rotational natural
frequencies. Here, C =0.05 (NmZ/Az), 70 = 0.015(m),
m =7650(kg), R=9.71(0hm), A =0.0142(m), Q = 80(rad/s),
L =100(m), J = 6.375 x 10°(kg m?)

parametric resonances. For systems that can only oscillate
vertically, only simple parametric resonance can exist.
However, for systems that can rotate too, and where the
vertical translation and the rotation are coupled, combina-
tion resonance may also occur.

In the system shown in Fig. 1, both vertical and angular
oscillations of the vehicle are possible, resulting in two
natural frequencies. Along the right stability boundary
(Fig. 3), where the parametric resonance zones appear, the
frequencies are denoted as w; and w, (Eq. (14)). For
0 =0, the two simplified EOMs, Egs. (11) and (12),
decouple completely. That means, the coefficient of (jﬁlr(t)
in Eq. (11), 2V2JRA(f) — 2v/2JRA(t) =0 and the
coefficient of AH in Eq. (12) is zero too, which means that
combination parametric resonance is excluded; the only
parametric forcing terms in the EOMs for Eq. (11) and
Eq. (12) are related solely to A, and ¢,., respectively.
Thus, only simple parametric resonance is possible.

For 6 = &, the EOMs are coupled, but in Eq. (11) the
parametric forcing term depends solely on the variable ¢,
and in Eq. (12) it solely depends on the variable A. This
configuration gives rise to exclusively combination para-
metric resonances.

For intermediate values of 6, both EOMs contain para-
metric forcing terms involving both A, and ¢,,; hence, both
simple and combination parametric resonances are
expected.

Figure 2 shows the natural frequencies (defined at the
right stability boundary) and their sum and difference as
functions of K4. Simple parametric resonance (7 and 27,
where T =2n/Q) is expected when w; =Q/2, Q;
wy; =Q/2,Q, and combination parametric resonance
occurs  when @+ =Q/2, Q; wy —w; =Q/2, Q.
Although the two dashed lines (Q, Q/2) intersect the
curves in Fig. 2 at eight points, only four of these para-
metric resonances are actually observed in both the ana-
lytical and numerical Floquet analyses discussed in this
paper: w; = Q/2 and w, = Q/2 for simple resonance, and
o]+ oy =Q and w; — o = Q (see Egs. (29)—(30)) for
combination resonance. Other, higher-order resonances are
not captured by the present first-order analytical approxi-
mation and were not observed in the numerical Floquet
analysis either; therefore, they are not considered further.

4.1 Simple parametric resonance

In this section, we derive the stability boundary of the
system related to simple parametric resonance. For simple
parametric resonance, as mentioned in the previous section
we have the conditions w; = Q/2; w, = Q/2. For the first
stability boundary, related to rotational degree of freedom

@ Springer
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x104
6 T T T 1 T
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' 7200
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56F3 5 57100 b R
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g ® | = 7000 =
2 54F5|? S
SO = 1 12 14
'U\-/"i KP x104
S|&52F 2400 4
o
N 5]
5k [ 2350 a A
11 12 13
483 K, x10% i
4.6 L p
0 2 4 12
. x10*
P hy

Fig. 3 Simple parametric resonance stability boundaries (ellipses)
observed for § = 0. Combination parametric resonance is completely
absent in this case. Here, C = 0.05 (Nmz/Az), z0 = 0.015(m),
m =7650(kg), R=9.71(0hm), Q = 80(rad/s), A = 0.0142(m),
L=100(m), J=6.375x IOG(kg mz) and indices i=a,b,c,d

represent each ellipse. The factors h;; and hy;, with i = a,b,c,d, are
used only to scale the K, and Ky axes so that the different ellipses can
be displayed together and compared clearly; without this scaling, the
ellipses would lie far apart in the parameter space. The dashed curve
indicates the boundary obtained from numerical Floquet analysis

Fig. 4 Simple and combination x104
parametric resonance stability 6 T T T 10 T T
boundaries observed for 53
0 = m/2. Here, 58} ’ // d
C = 0.05(Nm?/A?), x5 3800 c S d
20 = 0.015(m), m = 7650(kg), N 5750 ‘ \ o
R = 9.71(0hm), Q = 80(rad/s), .. S°NEl o i T A T 5
A =0.0142(m), L = 100(m), g .g = Tk 10t X104 i
J = 6375 x 10° (kg m?) and J 54re o . 7 =
indices i = a,b,c,d represent N = — \;
each ellipse .é:; Qn—f 52k — e i
7 2380 \
ST |2 2360 a gf 100 b g
- 2340 — /
“ 111.151.21.25 16 18 [2 22 I
K, =10t K,/ x10°*
46 1 1 1 1 1
0 2 4 6 8 10 12
h x10*
K,—< (V/m)
hl,i
(denoted as a), we assume the solution has the following Sy sin(wat) + Cy cos(wyt) =0 (16)
form [19]: .
where S| and C; are given as:
¢y (1) = by cos(myt) + by sin(wyt) — 4boK,L*+/Cgm + 2\/2bogL*mR
— 4b,K4L*+/Cgma, — V2AboJRw3— 17

Substituting Eq. (15) into Eq. (12) and performing
trigonometric reduction, while retaining terms proportional
to fundamental harmonics, as assumed in Eq. (15), yields:

@ Springer

— V/2byJPRw: — \/2b1JQRw?
+ 4v2boJRz0 w3 + 8V2bClw3 = 0
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Fig. 5 Combination parametric %104
resonance stability boundaries T T T T T T
observed for 6§ = 7. Simple x10* /
parametric resonance is 58 5.31 ————C | |
completely absent in this case. 531/
Here, C = 0.05(Nm?/A?), 3 5-29( d
20 = 0.015(m), m = 7650(kg). _ o6p 5.28 |\ 7
R = 9.71(0hm), Q = 80(rad/s), g 2 | 0> g 2
A =0.0142(m), L = 100(m), 2 54t8|] 5 10 o
J = 6.375 x 105 (kg m?), and & @ & T — @
indices i = a,b,c,d represent hS IS 592 _: o o
. Kl
each ellipse g 3850 \
S (> 3800 & ]
asl 3750 / |
12 1.4 1.6
46 1 1 1 1 1 Kp Ix104
0 2 4 6 8 10 12
h x10%
KphLl"f (V/m)
ol

— 4b,K,L*+/Cgm + 2V/2b, gL*mR

+ 4boKaL*\/Cgma, + V2Ab1JRO3+
+ V2b1JPRw? — \/2boJQR®?

+ 4V2b1JRz 3 — 8V/2byClw3 = 0

Extracting the truncated Hill’s matrix [32] from Eqs. (17)-
(18) and setting its determinant to zero gives the stability
boundary in the form of an ellipse in the PD control
parameter space. The centre of the ellipse is located at
(hl,a,hz,a), and it has major axis k;, and minor axis kp,
(w; has been replaced by Q/2):

(6~ 1) | (Ko~ ho,)

=1 (19)
ki i
 mR(24g + 20Q)
Y 42 [Cam
CmQ?
hoy=———
' 124/2/Cgm
o) (20)
klA,a = EkZ.a
o A?mR*Q*(1 + cos 0)
Za = 2304Cg

The simple parametric resonance ellipse is shown in
Fig. 3 (ellipse a). Clearly, the ellipse indents the
stable domain (of the time-invariant system) and renders it
locally more narrow. The shaded regions in Figs. 3, 4, and
5 indicate unstable domains. The left shaded region cor-
responds to divergence instability, while the right shaded

region corresponds to dynamic instability. Numerical Flo-
quet analysis [32] (explained at the end of Sect. 4.2 in
more detail) confirms that only the (left) part of each
ellipse bordering the stable domain acts as the effective
stability boundary; beyond this boundary, a pair of Floquet
exponents reaches modulus larger than one. This explains
why the parts of the ellipses lying in the already unsta-
ble domain do not form an additional stability boundary.
From Eq. (20), we find that the coordinate K, = h, , has

both a constant part /iy = mRg/(1/2,/Cgm) and a varying
part depending on Ky through Q [17]; note that Q = 2w;.
The K4 value of the centre of the ellipse (which depends on
Q) can be found rom Eq. (20) too:

Kq=hy, (21)

The size of the major axis of the ellipse relative to the
local width of stable region, from the vertical line to the
inclined line (see Fig. 3), can be compared for different
values of excitation frequency Q and thus locations along
the inclined line in the K, — Ky plane. This relative size
measure can be represented as:

kia A1 +cos 0

hl,a - hO 2\/§Z() ( )

Na

Equation (22) offers the following key insights: (1) the
relative size of the ellipse’s major axis is frequency-inde-
pendent and thus v/L independent, even though the location
of the ellipse changes with €, (2) the relative size of the major
axis decreases when increasing 0 € [0, n], with a maximum
at 0 =0 and minimum at 6 = n(see Fig. 3), and (3) the
relative size of the ellipse is linearly proportional to the

@ Springer
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normalized amplitude of the base oscillation A/zy; clearly
the ellipse spans in the worst case one half of the local width
of the stable zone (i.e., when A/zp = 1 and 6 = 0).

To determine the second stability boundary (denoted as
b), related to the translational degree of freedom
(w1 = Q/2), we assume the following solution [19],

Aw(t) = ap cos(wit) + aj sin(w7)
¢tr(t) =0

substitute Eq. (23) into Eq. (11), and follow a similar
procedure, yielding the new expressions of S; and C; (see
Eq. (16)):

ALmRw?* LmPRw?
(—SKPL\/Cgm+4\/§ngR— el Wi

V2 V2

(23)

+2\/§LmRZOw%) agp—
LmQRw?
<8KdL«/Cgma)1 + % - 4f2CLma)~f)a1 ~0
(24)
LmQRw?
(SKdL\ /Cgmar, — % - 4ﬁCme§> ao—
ALmRw? LmPRw?
8K,L\/Cgm — 4v2gLmR — L _ !
< PEVEE ¢ V2 V2
—2\/§LmRZOa}%)a1 =0
(25)

This leads to another ellipse equation, and the properties of
this ellipse follow similar relationships (w; has been
replaced by Q/2):

2
K,—h Ki—h
(leb) (d22b):1 (26)
ki k3,
mR(Sg + z()Qz)
hp=——"7"
8v/2\/Cgm
CmQ?
hp=—""—
4x/§x/Cgm (27)
Q
kip = ikz,b
A2mR2Q*(1 + cos 0)
ko =
256Cg

Here, the ellipse is larger than the first one related to
Eq. (19) because ki > ki 4, but the ratio #, is the same as
for ellipse a. Note that the second simple parametric res-
onance ellipse has the same location as the first one in
Fig. 3 due to the applied scaling of the axes; the actual

@ Springer

locations of the ellipses are different as shown in the inset
plots (and determined by the corresponding resonance
conditions Q = 2w, and Q = 2wy).

4.2 Combination parametric resonance

In this section, the stability boundary related to combina-
tion parametric resonance is explored. Since it is a com-
bination effect, we need to consider the coupled Egs. (11)
and (12) together. We assume the following of
solution [19]:

Ay (1) = ag cos(w1t) + aj sin(wy?)

¢ (t) = by cos(wat) + by sin(wyt) (28)

For the combination resonance, we have the two pos-
sibilities as described in Sect. 4: w; + w; = Q, and
w, — w; = Q. Using Eq. (14), we can find expressions for
w; and w, which combine to Q when added and subtracted,
respectively:

1 V3
0w =—Q; wy =——Q; 29
Y S T Y (29)
1 V3
R T N (30)

The procedure to find the stability boundary is as follows;
first, we substitute Eq. (28) in Eqgs. (11)—(12) which gives
two equations both having the following form:

Sy sin(wt) + Cy cos(wit) + Sz sin(wat) + Cz cos(wyt) =0
(31)

Selecting S} and C; from Eq. (11), S, and C, from Eq. (12)
(other terms are neglected after the trigonometric reduc-
tion, consistent with Eq. (31)), and substituting w, =
V3w, gives the following four equations:

Miag — Myay + Liby + Lyby =0 (
Msay + Mya; + Lobg — Liby =0 (
Lsag + Lyay + Miby — M3b; =0 (34
Lyay — Lzay + M3by + M b; =0 (

where
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M, = 2L<—4Kp«/Cgm + \/EmR(Zg + szf));
M, = 8K4L~/Cgmmw; — 4\/§CLma)f;
M; = 8\/§KdL\/Cgma)1 — 4\/5Cmef;

L*m(—A + P)Rw? (36)
L = ;
2V2
L*mQRw?
L, = mORw; Ly = V2m(—A + P)Row?;

2v2
Ly = V2mQRw}

The truncated Hill’s determinant for the system given in
Eq. (32)-(35) can be written as follows

M, -M, L L
M, M, L, -L
L Ly M,
Ly —Lz Mz M,

=0 (37)

Even though Eq. (37) contains all information about the
ellipses, we cannot extract the general form of the ellipse
from this equation. To do so, we can use the following
mathematical manipulation. Moving terms with by and b,
to the right-hand side, then squaring and adding Eqgs. (32)
and (33), and doing the same to Egs. (34) and (35) yields

(M} + M3) (a5 +a7) = (LT + L3) (5 + b7) (38)
(L3 + L) (af + a7) = (M7 + M3) (b] + b}) (39)

For non-trivial solutions, the determinant of Egs. (38) and
(39) should vanish:
M}+M; —(L3+L3)

=0 40
Li+1;  —(Mi+M;3) 40

Using Egs. (37) and (40), we can derive the following a
mathematical condition which directly gives the ellipse
equation (see Eq. (3.12) in [19]):

M} + MMy =\ /(3 + 13) (12 + 13) (41)

Substituting the first set of frequencies, given in Eq. (29),
into Eq. (41) gives the first stability boundary (denoted as
c) related to combination parametric resonance:

(Kp - hl.c)z (Kd - h2,c)2
ki i

=1 (42)

mR(4g + (2 — \/3_‘)1092)
4y/2,/Cgm
(2 - V3)Cm&?
2v2/Cgm
V3(2-V3)
2
o \/(2 — \/§)A2mR2§22(1 — cos )
e 128v3Cg

hl,c =

h270 =
(43)

kl,C = Qk27C

Substituting the set of frequencies given in Eq. (30) into
Eq. (41) gives the second ellipse (denoted as d):

(Kp — Iy d)2 (Kd - hz.d)2
* -1 (44)
ki 4 k3 4
b o= mR(4g + (2 + \/§)ZOQZ)
M 4v/2,/Cgm
2+ V3)Cm?
M 2y2/Cem
3 )
3(2+ 3
kig= %ka,d
o (2 + V/3)A2mR?Q*(1 — cos 0)
2 128v/3Cg

Similar to the cases of simple parametric resonance, for the
combination parametric resonances the K, and Ky values of
the centre of the ellipses can be found easily too.

Furthermore, we have the following observations; con-
trary to the observation for simple resonance, the ellipses
are now minimal at § =0 and maximum at 0 = 7n(see
Fig. 5). However, the relative sizes of the ellipses are also
independent of the exciting frequency €, like for the
simple parametric resonance ellipses (Eq. (22)); the rela-
tive size measure is given by

ki ¢ AV1 —cos0

e = hie—ho  2y/2z

=MNq (46)

Note that the relative sizes of the ellipses are linearly
proportional to the normalized amplitude of the base
oscillation A/zp; clearly the ellipses span again, in the
worst case, one half of the local width of the stable zone
(i.e., when A/zp = 1 and 6 = 7).

We now have closed-form expressions for all the ellip-
ses, allowing for direct comparison. Indices a and b rep-
resent ellipses related to simple parametric resonance,
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while ¢ and d represent ellipses related to combination
resonance. To compare the sizes, 0 = 7/2 is considered
where all ellipses are present simultaneously. At this point,
the order of ellipse sizes is as follows: a<c<b<d (see
inset plots in Fig. 4). The ratio of the major axis lengths of
the two ellipses related to simple parametric resonance is
kip/ki, =3, and for the combination parametric reso-
nance ellipses, the ratio is ki q/k; ¢ =~ 14; ellipse d is the
largest ellipse.

All the results for the elliptic stability boundaries were
verified numerically using standard Floquet analysis [32],
and the analytical and numerical results were found to
match exactly. For each selected pair of controller gains
(Kp, Kq), the linearized time-periodic system (Eqgs. (8)-
(10)) was integrated over one excitation period T = 271/Q
using six independent sets of initial conditions to construct
the monodromy matrix. The eigenvalues of this matrix, i.e.,
the Floquet multipliers, were then used to determine sta-
bility; the response is stable when all multipliers have
modulus smaller than or equal to one and unstable when at
least one multiplier has modulus larger than one. The
contour |[A| =1 obtained from the numerical Floquet
analysis coincides with the analytical stability boundaries,
as illustrated for one representative case in Fig. 3 (i.e., for
parametric resonance specifically).

4.3 Practical impact

The relative size measures #,, #;,, 1., and 1y (Eqgs. (22) and
(46)) indicate how strongly each parametric-resonance
ellipse reduces the local width of the stable domain in the
PD control parameter space. These values are independent
of the excitation frequency and therefore of vehicle speed
(for a fixed guideway wavelength), although the ellipses’
locations and absolute sizes vary with speed.

Tables 1 and 2 give indicative values for practically
relevant excitation amplitudes and phase shifts. The results
show that combination parametric resonance can be less
relevant than, as relevant as, or more relevant than simple
parametric resonance, and may therefore impose an
important design or operational constraint. The values are
based on the simplified model considered here, with a rigid

Table 1 Relative sizes of the

parametric-resonance ellipses Ljd 0 Ta =My Me =Ml
for different phase shifts at A = 0 0 0.473 0
0.0142(m) and zp = 0.015(m)
1/8 m/4 0438 0.181
1/4 =/2 0335 0335
3/8 3n/4 0181 0438
12 7 0 0.473
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Table 2 Relative sizes of the — —
parametric-resonance ellipses la =M le =14
for different excitation ampli- 0.005 0.154 0.064
tudes at 0 = 7/4 and
20 = 0.015(m) 0.010 0.308 0.128
0.015 0.462 0.191

support and a single suspension layer, and should therefore
be interpreted as first indications.

5 Suspensions with hybrid magnet: effect
on stability boundary

In this section, the effect of using hybrid magnets—com-
prising the suspensions shown in Fig. 1 combined with
permanent magnets—on the stability boundary is investi-
gated [33-38]. Current Maglev and Hyperloop designs
commonly use a combination of permanent and electro-
magnets. The permanent magnet can be designed to carry
the static weight of the vehicle, while the electro-magnet
takes care of perturbations around the static response. This
way, the energy consumption is significantly reduced. This
hybrid configuration raises the question of its influence on
the system stability, which is the subject of investigation of
this section. According to [2], the general form of the
equations of motion for a hybrid-magnet system can be
written as follows:

e @) )o@
S (2 T

where f§ and 7y are constants. The current equations for a
single hybrid magnet can be written as:

. Ao+ Ao+
I Jr%cﬁ(Rll.z) = %Um(f)
Lir+7v)\;
+(2E0)A 49
<A1,2+5) b (49)
where

Ul,Z(Z) = Uss},ssZ + Kp(Al,Z - AsslssZ) + Kd(AI,Z
- Assl,ss2) (50)

It is possible to rewrite Eq. (49) and (50) as
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A+ B
2C

Ais +
(RIi»+Ry) = I;C b (Ui2(t) + Ry)

11.2-H)>'
+(——= A
(A1,2—|—ﬁ 12

Lo+

(51)
Ul,z(t) +Ry = Ussl,ssZ + Ry -
+ I.(P (Al,z + ﬁ - (AssLssZ + ,B)) + Kd(Al,z

- Assl:ss2)
(52)
Assuming the following variable transformations
Air = A'LZ iﬁ% A=A Tio=5Lo+v; 1
211’2; U1,2=U1,2 + Ry (53)
Equations (47)—(50) become
7 2 7 2
mi=—C| || +(=2 +m 54
1\ (1,))\
Jp=—c| L) -] |2 55
- K]Az — Z] 2 — 7] 2 \—+
I —=(RI1») ===U (¢ == |A 56
12+ °C ( 1.2) °C 12(1) + <A1_2> 1,2 (56)
Upa(r) = Uss.l‘SSZ + Ky (A2 — A1 502) + Ka(Ar2
- ZSSI,Ssz) (57)

The steady-state gap for the system with the hybrid mag-
nets is as follows: Ay = Assis2 — B

The system of Egs. (54)—(57) has exactly the same
structure as the system of Egs. (1), (2), (4), and (5). The
linearized, simplified EOMs (Egs. (11) and (12)) are also
very similar. However, it should be clear that the time-
dependent coefficients are based on the modified steady
states; in other words, the following replacement should be
made to get the correct coefficients: Agj 2 — Essl,ssZ- In
essence, this comes down to the following change:
20 — 20 + P

The effects of the slightly different coefficients on the
stable domain are as follows (verified by numerical Floquet
analysis):

e the left boundary is not affected;

e the right, straight boundary rotates to the right, which is
reasonable as its slope is inversely proportional to z
[17] and implies an overall stabilizing effect of the
hybrid magnets;

e the only change in the equations for the parametric-
resonance ellipses (Egs. (19), (26), (42) and (44)) is
20 — 20 + B

the absolute magnitude of the ellipses does not change

as 7o only affects the K, coordinate of the ellipses; i.e.,

hi (i = ab,c,d);

e the ellipses therefore only shift to the right, in K
direction, in accordance with the rotation of the right
boundary and such that the centers stay on that
boundary.

While the sizes of the ellipses do not change, their rel-
ative sizes do, as the local widths of the stable zone
increase due to the rotation of the right boundary. Intro-
ducing the replacement zp — zp + f into the expressions
for n; (i = a,b,c,d) (Egs. (22) and (46)), we find that rela-
tive sizes decrease when a hybrid system is used instead of
a fully electromagnetic system. For example, the = zo/2
(which is close to the value employed by [33]), the relative
sizes decrease to 2/3 of their original values, while for
f = z0/4, the relative sizes decrease to 4/5 of their original
values.

Note that the value of y that guarantees /; and I, to be
zero (i.e., the permanent magnets carry the static load) in
the specific steady state without base excitation is given by:

820+ ) (58)

"=\ 2c

6 Conclusion

This study provides a comprehensive analysis of the
parametric resonances of an electromagnetically suspended
vehicle subjected to periodic base excitations. By mod-
elling the vehicle dynamics with translational and rota-
tional degrees of freedom, we capture both simple and
combination parametric resonance phenomena. Our anal-
ysis shows that oscillations in the supporting structure can
lead to instabilities depending on the alignment of natural
frequencies and excitation frequencies. Simple resonance
occurs when either translational or rotational modes are
independently excited, while combination parametric res-
onance emerges when both modes interact. We have
derived analytical expressions for the stability boundaries
using an extended Hill’s method, and presented them in
terms of system parameters such as frequency and ampli-
tude of and phase shift between the base excitations; it
turns out that the parametric-resonance stability boundaries
are ellipses in the PD control parameter space that indent
the otherwise triangular stable zone. There is essentially no
speed dependence in the relative size of the parametric-
resonance ellipses (normalized by the local width of the
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stable domain), and the combination parametric resonance
ellipses can be smaller than, as large as, or larger than the
simple parametric resonance ellipses depending on the
phase shift. However, the absolute size of the ellipses
increases significantly with speed. Also, comparing the
four ellipses obtained for simple and combination para-
metric resonances, one of the ellipses corresponding to
combination parametric resonance is the largest, for the
mean value of the phase shift. Additionally, we show that
incorporating hybrid magnets in the vehicle suspensions
does not affect the size of the parametric-resonance zones;
it only shifts them in accordance with an overall widening
of the stable domain. This highlights the feasibility of the
hybrid magnet for energy-efficient suspension designs.

The findings of this paper underline the importance of
carefully selecting design and operating conditions to avoid
instability, especially in systems like Hyperloop/Maglev
where small support deviations can pose significant
(parametric) excitation. The present work should be viewed
as an initial study into the relevance of simple and, in
particular, of combination parametric resonances under
sinusoidal base excitations. The results suggest that
avoiding combination parametric resonance particularly
may become an important design and operational con-
straint for Maglev and Hyperloop systems. To obtain more
quantitative design recommendations, future work should
include guideway dynamics, aeroelastic loading, non-har-
monic and random base excitation, and additional sus-
pension layers.
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