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Lay summary

In this thesis, the Gibbs phenomenon will be investigated. Specifically, what is the Gibbs phenomenon,
when it occurs and why it is important to investigate this phenomenon.

Signals can be described by a sum of simple sine and cosine waves, known as Fourier series. When
we approximate a signal that contains a “jump” with finitely many terms in the Fourier series, something
interesting happens: around the “jump” we can see a ripple - a peak followed by rapid oscillations - that
was not present in the original signal.

In general, if we consider more terms in the Fourier series we would expect this ripple to vanish. How-
ever, the observation that this peak will never decrease below 9% of the height of the “jump” is exactly
what we call the Gibbs phenomenon.

Several methods will be discussed in order to remove this phenomenon and finally we will look into its
occurrence (and its resolution) in Magnetic Resonance Imaging.

Milou Dijk
Delft, June 2024



Abstract

In short, the Gibbs phenomenon describes the oscillating behaviour followed by an overshoot or under-
shoot of a Fourier partial sum expansion compared to the original function near jump discontinuities. In
particular, the fact that this overshoot or undershoot will never decrease below 9% of the height of the
“jump”.

First, some historical remarks about the discovery of the Gibbs phenomenon are given and several
fundamental elements of Fourier analysis are introduced. By thoroughly analyzing the Saw-tooth wave
function, an example of a function that exhibits the Gibbs phenomenon, we provide some figures in
order to visualize this phenomenon. Furthermore, we address and fill in the gaps of the existing math-
ematical proof to advance the theoretical understanding of the Gibbs phenomenon. This analysis is
then generalized to apply to a broader class of functions with jump discontinuities, by first considering a
function with a jump discontinuity at 0 and then proving the occurrence of the phenomenon at a general
point of jump discontinuity.

Furthermore, a literature research is conducted to evaluate different methods for resolving the Gibbs
phenomenon. This thesis includes an in-depth analysis of filtering methods and spectral reprojection
methods. Specifically, the Gegenbauer reconstruction method is described and its theoretical foun-
dations in removing the Gibbs phenomenon is examined. Finally, a real-life application of the Gibbs
phenomenon is given by looking at its occurrence in Magnetic Resonance Imaging.

Overall, this thesis not only advances the theoretical understanding of the Gibbs phenomenon but also
provides an insight into its resolution and application in Magnetic Resonance Imaging.

Milou Dijk
Delft, June 2024
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Introduction

Any signal can be rewritten as the sum of a series of simple sine and cosine waves. By adding together
all these simpler waves with varying combinations of frequencies and amplitudes, the Fourier series,
we can recover the original signal.

If we consider a function f that has a jump discontinuity at a certain point ¢, and we draw a graph of the
partial sum of the Fourier series of this function, a typical behaviour can be observed, see for instance
Figure 1.1. As t approaches the point of discontinuity ¢, the graph of the partial Fourier sum Sx[f](t)
somehow oscillates right before the jump and when the jump is accomplished, it overshoots and then
calms down again.
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Figure 1.1: Gibbs phenomenon. Image from [2].

During the nineteenth century this sort of behaviour was observed by experimental physicists. At that
time it was considered as an error of the measuring equipment. However, number of mathematicians
showed this is not the case and that we are dealing with an actual mathematical phenomenon. This
behaviour is named after J.W. Gibbs, and has an extensive history.



Historical remarks

The first known study on the observation of the oscillatory behaviour of partial sums of Fourier series
near discontinuities was carried out by H. Wilbraham in 1848 [13]. Remarkably, this paper was never
properly appreciated and seemed forgotten.

In 1898, A. A. Michelson wrote a letter to Nature in which he criticized the idea that a series of continuous
functions could converge to a discontinuous function. He investigated the function

o) = 5
corresponding to the series
(-1
g(x) = Z sin(kx)
k=1

in order to substantiate his criticism. However, he lacked understanding of the difference between the
sum of an infinite series and the partial sums of such a series.

Hence, in the next issue of Nature, the mathematician A. Love pointed out Michelson’s lack of under-
standing. This is when J.W. Gibbs joined the discussion by writing a letter in which he tried to clarify
Love’s remark, by stating that the graph of the limit is not necessarily the same as the limit of the graphs
(of the partial sums of Fourier series) [5]. In other words, the Fourier series converges point-wise to the
function, but this does not imply that the graphs of the partial sums need to look like the graph of the
function as N — oo. Furthermore, Gibbs published a second letter in which he mentioned the quantity

Si(z) = /0 "sin()

t

This sine integral function plays an important role in determining the amount of overshoot in the con-
vergence of the partial sums of Fourier series near discontinuities. However, Gibbs did not provide any
proofs or calculations of this overshoot near discontinuities.

Only after seven years since Gibbs first publication, the term “Gibbs phenomenon” was introduced by
M. Bécher [3]. Bécher performed a detailed analysis on the function

f(a) = 3(x —a)
for 0 < x < 27 which can be described by
. > sin(kx
fla) =3 ; !
k

=1

He also provided the complete proof of Gibbs’ assertion.

Towards the end of 1914, H. Burkhardt mentioned the long-forgotten work of H. Wilbraham, who already
discovered the Gibbs phenomenon in 1848. Hence, he argued it would be more appropriate to call the
observation discussed here the “Wilbraham-Gibbs phenomenon”.

Structural overview

In Chapter 2 some fundamental theorems and definitions of Fourier analysis will be introduced. More-
over, some important convergence results will be stated. Chapter 3 will consist of a detailed analysis
of the Saw-tooth wave function and the mathematical proof of the Gibbs phenomenon.

This result will be generalized in Chapter 4, by considering a function with a jump discontinuity at 0 and
then proving the occurrence of the phenomenon at a general point of jump discontinuity.

The second part of this thesis focuses on the resolution of the Gibbs phenomenon. In Chapter 5, sev-
eral techniques - such as filtering and spectral reprojection methods - to improve the convergence rate
will be reviewed.

The Gegenbauer reconstruction method, an example of a spectral reprojection method, will be inves-
tigated in Chapter 6. In Chapter 7 we will look at the occurrence of Gibbs ringing artifact in Magnetic
Resonance Imaging and describe the hybrid Gegenbauer method in order to resolve this artifact. To
finalize, Chapter 8 will consist of the main conclusions and some suggestions for further research.



Preliminary theory

In this chapter some definitions and theorems of Fourier analysis are reviewed that will be used in this
report. These definitions and theorems with their proofs can be found in references [9], [10] and [12].

Fourier series

The Gibbs phenomenon occurs when we consider the partial Fourier sums of a certain class of functions.
These functions are piecewise continuous except for a finite number of points in which the function
“jumps” from a certain value to another.

Definition 2.1. Let a,b € R. A function f : [a,b] — C is called piecewise continuous if there exist
a=ap<a <..<a, = bsuchthat fis continuous on (a;,a;41) for j = 0,1,...,n — 1 and the limits
f’(aj*) and f'(a; ) exist and are finite for all j =0, 1,...,n — 1.

Definition 2.2. A function f(z) has a jump discontinuity atz = a, if we have f(a™) = lim,_,,+ f(z) < o0,
f(a™) = lim, ,, f(z) < o0, and f(a*) # f(a").

Definition 2.3. Suppose f : T — C integrable and 27 periodic. Then the nth Fourier coefficient of f is
defined by

fo =5 [ 1) .

Definition 2.4. Let f : T — C integrable and 27 periodic and f(n) be the Fourier coefficients of f as
in Definition 2.3. Then the Fourier series of f is defined by

i F(n)ein® = (1720 + i [a,, cos(nd) + by, sin(nh)], (2.1)
n=—o00 n=1

where a,, and b,, are given by
1 T

an = — f(0) cos(n)do (2.2)
and -
by, = % f(0) sin(nd)de. (2.3)

—T

Definition 2.5. Let f : T — C integrable and 27 periodic. Then we define the Nth partial Fourier sum
of f as

N
SOy = 3 fm)en.

w



Dirichlet kernel

The Dirichlet kernel has some important properties useful for analysis of the partial Fourier sums of
certain functions.

Definition 2.6. The Dirichlet kernel is a trigonometric polynomial of degree N defined by

N
Dy(t)= Y ™"
n=—N

If we use the fact that ¢! + e~""* = 2 cos(nt), the Dirichlet kernel can also be written as

N
Dn(t)=1+2) cos(nt). (2.4)

n=1

Another expression of the Dirichlet kernel in terms of the sine function is given by

DN(t):W for td2nZ. (2.5)
2

Proof. Suppose t ¢ 27Z. Then e # 1 and we get
DN(t) — Z ezm& — e_th(l—i—e”—F... _~_€21Nt).
n=—N
This is a finite geometric series, so we get

Dal®) Nt (1_ei(2N+1)t>
N() = —_—

1—eit
e—iNt _ gi(N+1)t
1— et

e i(N+3)t _ i(N+3)t

e 3it _ o3t

sin (N + 3) t)
sin (1)
sin (2N + 1))

sin (1)

O

Definition 2.7. Let f,g : T — C be 27 periodic and integrable functions. Then their convolution f x g
on T is defined as

(00 =5 [ " 90— y) F(y)dy.

2 J_,

Important properties of the Dirichlet kernel are stated in Theorem 2.1.
Theorem 2.1. Let f : T — C be integrable and t € R. Then the following holds:
(i) Sn[f1(t) = (Dn = f)(t)
(i) Dy is an even function
(iii) 5= [T Dn(t)dt =1



Proof. (i) From the definition of the convolution we get

(Dy * f)(t) = 1 i Dy (t—71)f(r)dr.

2 J_ .

Now using the definition of the Dirichlet kernel we obtain
1 [ &
(Dn * f)(t) = — / [ e“’(”)l f(r)dr
2r ) _ N

n=-—

x n_i_N eint (217T ‘/_: e—i'rLTf(T)dT)
Y )

n=—N
= Sn[f(®).

Since we have a bounded summand the Dominated Convergence Theorem can be used to switch the
integral and sum in step (*).

(ii) Trivial, since from expression (2.4) it is clear that we have Dy (t) = Dy (-t).
(iii) Consider the integral

1 /™ @)1 [T

2m T Jo

N
1+2 Z cos(m‘)] dt

n=1

_ L T+ 2/7r [cos(t) + cos(2t) + ... + cos(Nt)] dt



Convergence results
In order to investigate the behaviour of the partial sums near discontinuities it is important to consider
some general convergence results regarding the Fourier series.

The Riemann-Lebesgue Lemma, stated in Lemma (A.1) shows that for functions f € L!(T) the Fourier
coefficients of f decay to zero as |n| tends to cc.

Lemma 2.1. Let —coc < a<b<ocand f € L'(a,b). Then

b
lim / f(x)e”™Mdt = 0.

|A|—o0

In particular, if f € L'(T), then f(n) — 0 as |n| — cc.
The formal proof of the Riemann-Lebesgue Lemma can be found in Appendix A.1.

Furthermore, it is important to mention the definition of a-Hdlder continuity since 'normal’ continuity is
not a sufficient condition for (uniform) convergence of the partial Fourier sum.

Definition 2.8. Let f(x) be a 27 periodic function in L' (—=, 7). Then f is a-Holder continuous at z with
order . > 0, if there exists a constant M > 0 such that | f(z) — f(x0)| < M|z —x0|“ in a neighborhood of
xg. If the condition holds for all 2y with the same constant M, then f is uniformly a-Holder continuous.

Note that a-Hdlder continuity with o = 1 can be considered as Lipschitz continuity.

Theorem 2.2. Let f € L'(—m, ). Suppose that there exists x € R such that the left- and right- limits
f(z%) and f(z~) exist. Moreover assume that there exist M > 0, « > 0 and § > 0 such that

[f@+t) = fl@h)] < M, [fle—t) = f(a7)] < Mt*

for0 <t <. Then .
Sn(f](x) — i(f(ﬁ) + f(z7)) as N — .



Gibbs phenomenon

Piecewise continuous functions are functions that are continuous at every point in their domain except
at finitely many points at which they have jump discontinuities, i.e. the left- and right-hand limits of the
function exist but are not equal. Due to their abrupt changes between two values, piecewise continuous
functions pose challenges in signal processing.

Itis well known that periodic piecewise continuous functions can be represented as infinite sums of sine
and cosine waves, known as Fourier series. As we delve deeper into the convergence of the partial
sums of the Fourier series, we encounter a particular behaviour near jump discontinuities, the so-called
Gibbs phenomenon. We will investigate this phenomenon for the Saw-tooth wave function, see Figure
3.1. Despite its simplicity, the Saw-tooth function serves as an example to observe this behaviour and
to give a formal mathematical proof of the Gibbs phenomenon.

Saw-tooth Wave

0.5m

—0.5m

—A =3 -2 - o n am 3m 4m

Figure 3.1: This figure displays the Saw-tooth wave function f(z) = %(w —x)for0 < a < 2m.

This phenomenon is often referred to as the “overshoot” in the partial sums of Fourier series around
“jumps”. However, the behaviour of the partial sums near jump discontinuities appears to be more
complicated than just an overshoot.



3.1. Fourier series expansion of Saw-tooth wave function 8

3.1. Fourier series expansion of Saw-tooth wave function
1

We consider the Saw-tooth wave function, which is the 2r-periodic function defined by f(z) = 5 (7 —z)
for 0 < x < 2w. Then, we use formula (2.1) to compute its Fourier series. Since the Saw-tooth wave

function is odd, we expect a pure sine expansion. Indeed, by using integrating by parts, we find
27 1
ap = — / — (7 — z) cos(nz)dx

0 2

™

27T 1 27
= f/ cos(nx)dx — —/ x cos(nx)dx
0 21 Jo

3 2m o .
_0— 1 (xsm(mc) _/ sin(nx) dm)
0 n

n
0

(3.1)

while

b ! /27T 1( x) sin(nax)dx
n — — -\ =
™ Jo 2

1 2 1 2
= f/ sin(nx)dx — —/ x sin(nx)dx
2 Jo 21 Jo

™
2 27
oL (_xcosmx) [t dx) 62)
2 n 0 n
0
__ L 2
o n
_1
=
Thus, we get the following Fourier series expansion
Z sm(mc). (3.3)
el n
So that, the Nth partial Fourier sum of f is
al sin(nzx)
= ) 3.4
S[f(x) g " (34)

We observed that Sy is 27-periodic, Sy (—x) = =Sy (z) and Sy (0) = Sy (7) = 0. Thus, it is sufficient
to completely study the behavior of Sy by looking at the interval (0, ).



3.2. Convergence of partial Fourier sums 9

3.2. Convergence of partial Fourier sums

In order to describe the convergence of Sy (z) to its sum % (7 — z) in the interval (0, 7), it suffices to
show that the integral Iy defined in (3.5) is bounded.

Integral Iy
Define the integral Iy by

o= [l (5 5)0) [ - 1] @ @9

Denote the part in square brackets by g(¢). In order to apply the second mean value theorem for
integrals, it is enough to show that ¢(¢) is continuous in the interval (0, ).

According to the second mean value theorem for integrals there is a number 0 < ¢ < 7 for which we

have
IN:g(O)Agsin(<N+;> t) dt+g(7r)/:sin<<N+;) t) dt
:(é_i>/;sin(<N+;>t)dt
(1) wr((2)o)

Thus, if we consider the bound |Iy|, we can use the fact that | cos(x)| < 1 for all z, to obtain a bound
for the integral 1.

Sine integral function
As mentioned in the introduction, Gibbs analysed the quantity

Si(z) = /0 ’ Si‘;ﬂdt. (3.6)

The sine integral function is known to converge to %r, as shown graphically in Figure 3.2.

Sine integral function

0.5m

e T —

/-\/‘J—‘\.t"—""‘-‘.-—'_"-.._,-—'—'—-._
'\\_/\_‘_F,f"-u\_r-"

SIT)

] 2 4m & B 10m
T

Figure 3.2: This figure displays the convergence of Si(T) as T" — oo.

The mathematical proof establishing the convergence of the sine integral function is described in The-
orem 3.1.



3.2. Convergence of partial Fourier sums 10

Theorem 3.1. The function Si(x) converges to 1w as x — oo, i.e. lim,_,o Si(z) =

=

Proof. By direct computation, we have that

0= Sn(m) — Sn(0)

“/SN t) dt

(i)/ sin (3 Nt) cos (3(N + 1)t)

sin ( t dt

()/“sin( )—l—sm( )dt

- 2 sin (%t)

:/OW <Sm;sm(ét)) ;>dt.

The first step follows from the fundamental theorem of calculus.

In the second step, the expression of the first-derivative from (3.8) is used.

We apply the trigonometric identity sin(z) cos(y) = % (sin(z + y) + sin(z — y)) in step (3) to obtain the
desired expression for the integral.

Finally, by linearity of the integral, we get
T o N 1 t s
/ wdt :/ ldt,
0 2sin (Et) 0 2

which gives us the following result

™ sin (N + 1)t 1
/ wdt - (3.7)
0 2sin (Qt) 2
Hence, we showed that the integral Si(x) converges to %w. O

By using these results and preliminary theorems about convergence of partial sums of Fourier series,
we obtain the following result.

Theorem 3.2. limy_,oc Sy (z) = (7 — ) for 0 < z < .

Proof. By direct computation, we get

x):/O Sy (t)dt
W (7 (sin((N+3)t) 1
*/0 ( 2sin (1) 2) dat

T o3 1 T
(i) / s ((N—t 2)t) dt _/ ldt
0 2sin (7t) 0 2

2

@ /w (sin (N + $)t) _ sin (N +3)t) N sin((N + é)t)) di l:c
0

2sin (5t) t t

e

% sin 1
— In(z) +/0 Mdt— %x

= In(z) +/ %dt - 5=
0



3.2. Convergence of partial Fourier sums 1

Step (1) follows from (3.7). Then, we use linearity of the integral in step (2). By adding and subtracting
the term w in the third line we can rewrite the integral in terms of Iy, defined in (3.5).

Now if we consider the limit of the partial sum we obtain

. . N+2)% gin(t) 1
ngnOCSN(x) :ngnoofzv(x)—&-/o ; dt—ix
T .
. 5 1
(Thm3.4) 0+ lim sin(t) dt — —x
T—oo Jg 2
6O . a1
= Th_r)réo Si(t) 5%
(Thm3.1) 1 1 1
=" —nm——zx=-(n—1x),
2 2 2

which concludes the proof. O



3.3. Mathematical proof of Gibbs phenomenon 12

3.3. Mathematical proof of Gibbs phenomenon

We start considering the Nth partial sum Sy of the Fourier series of the Saw-tooth wave function and
determine its local maxima and minima. We observe that, as we consider more terms in the partial
sum, i.e. as N tends to oo, the first minimum and maximum tend to zero and the partial sums at these
extreme points converge to certain values of the sine integral function. Several auxiliary results need
to be proved in order to show such a behaviour of the partial sums. Finally, we use the sine integral
function in order to compute the amount of overshoot and undershoot near the jump discontinuities.

3.3.1. Determining extreme points
First of all, we need to find the local maxima and minima of Sy by computing S} (z) = 0.

N
Sy(z) = Zcos(kx)
k=1

1

2sin (%m) :

\
[N}
28
= —_
—~
|
8
S—
bl x>
M= 1[]= 1=
D —
e,
z .
7N
N
S
+
I
8
N———
+
.
[
N
|
8
\
5
S
N————
| IR

g () (1)

By using the trigonometric identity sin(z) — sin(y) = 2 [sin (25¥) cos (%5£)], we obtain the following
equation
sin (%Nx) co

Sy (@) = (3.8)

The zeros of S (x) in (0, 7) can be obtained from equation (3.8). If we consider the interval (%w, 2%”70,

the cosine-term changes sign and the sine-term remains constant in sign. Therefore, the first-derivative
of the partial sums changes its sign at every point % thus we get that these points are alternatively
minima and maxima.

To conclude, for 1 < I < N the partial sum Sy(x) has its relative maxima at 2 = 217 and has its

N1
relative minima at z = ZLr.
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3.3.2. Behaviour in extreme points

In order to determine how S behaves at its first maximum (N+1) and its first minimum (%w) we con-

sider several theorems. It is important to observe that these extreme points tend to zero as N — oo.
Hence, the first maxima and minima become closer to zero as the number of Fourier terms increases.

We first show that the sequences (SN (N+} ))JOVO, and (Sn (% ))?VO | are ultimately increasing, for

which we use the result of an additional theorem, stated in Appendix A.2.
Theorem 3.3. For 0 <[ < [3(N —1)], we have

20+ 1 20+ 1
Svi | §2™) > v )

andfor1 <1< [4(N —1)] we have

2 2
SN+1(N+1 )>SN <N )

201+1 21+1 21+2
Proof. ltis trivial that 2T < T < AT

Now since Sy; has a maximum at %E” and its next minimum at szl—ﬁw we get the partial sums
decreases in this interval.
Therefore we get

S 20+1 - g 2041

N+1 N+27T N+1 7N+17T
) 20 +1 1. 20 +1
L “T- s (VD
SN(N+1W>+N+1M<( FONT

20+1 1

= —_— in ((2 1
SN(N+17T)+N+1SIH((Z+ )r)

(_2)5 2l+17r
TONANTLT )

In the first step we write the Sy, 1 in terms of Sy and its final term. Step (2) follows from the fact that
sin(km) =0 forall k € Z.

O

Now, we are able to prove the main result of this section which shows that the values of the partial
sums at the extreme points converge to limit numbers related to the sine integral function.

Theorem 3.4. For every s € Z~, the sequence (SN ( ~ +1 ))j: is ultimately increasing and has

JiEomlm sinlt) gt gs limit number and (Sy (237))%_, is ultimately increasing and has [;°" 2%t as
limit number

) N=1
25 —1 \ (Thm3.3) N1 k(2s — 1)
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Consider the interval [0, (25— 1)x] and divide this interval into equally spaced sub-intervals starting from

[0, 25-L77) till the last sub-interval (Nﬁi‘ll)w, (25 — 1)77} . Hence, we get (N + 1) sub-intervals of length
2s—1

N+17°
The Riemann sum is defined as the sum of the (IV+1) rectangles below the graph of the integrand. Thus,

the equation between brackets in step (*) can be seen as a Riemann sum for the integral fo(zsfl)” Si%tdt

_ k(2s-1)
fort = N1

Now if we consider the limit N — oo, the length of the sub-intervals tend to zero from which we know
that the Riemann sum converges to the actual integral.

Therefore we get the following expression in the limit

) 2s—1 (2s=D7 sint
A SN (N ¥ 1”) - /0 - (3.9)
Similar argument can be used for the sequence (Sy (3:))_, to obtain
_ 2s 25T sint
O

To conclude, as we consider the partial sum in the limit N — oo we get that the partial sum evaluated
in the first maximum converges to the limit number fo(stl)” sintjt and the partial sum evaluated in the

first minimum converges to the limit number ;" sz,

The observation that the partial sum converges to a value independent of the number of terms used in
the Fourier series illustrates that this behaviour doesn’t vanish if we increase the amount of terms used
in the expansion, see Figures 3.3 and 3.4. The Python code for these figures can be found in Appendix
A.3.

(a) Fourier series representation with N = 10. (b) Fourier series representation with N = 25.

Figure 3.3: Fourier series representations.
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3.3.3. Computing the amount of overshoot and undershoot near discontinuities

If we look at the first maximum, NLH we obtain

. T . 1

]\}gnoo SN <N+1> = Si(m) = 1.8519370 = 1.1789797 <2w) . (3.11)
As we consider the limit N — oo, the first maximum will tend to zero and the partial sums converge to
the limit number Si(7). Thus, the sum overshoots the line (= — z) by a factor of 1.1789797.
Considering the first minimum, %w, we obtain

lim Sy (27r) = Si(27) = 1.4181516 = 0.9028233 <l7r> . (3.12)
N—o00 N 2

Again, since we consider the limit N — oo, the first minimum will tend to zero and the partial sums
converge to the limit number Si(27). Hence, the sum undershoots at the first minimum by a factor of
0.9028233. This is an example of the so-called Gibbs phenomenon for complex Fourier series of the
function f(z) = 3(m — x) for 0 < = < 27 and can be seen in Figure 3.4.

To conclude, the behaviour of Sy (x) near jump discontinuities is more complicated than just an over-
shoot in the convergence of the partial sum near the “jumps”.
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Figure 3.4: Fourier series representation of Saw-tooth wave function with N = 250.

The point where the maximum oscillation takes place will tend closer to the “jump”, in this case the
value zero. Moreover, it is important to understand that the Gibbs phenomenon is not a contradiction
of Theorem 2.2. Since in Theorem 2.2 we fix a certain point of discontinuity = and then consider the
partial sum Sy (x) in the limit N — oo. But in this chapter we considered the case where the point z
was the first maximum or minimum that is dependent on N and tends to zero in the limit. However, the
maximal oscillation itself does not vanish when more terms of the series are added. On the contrary, it
stabilizes towards a value that is approximately 9% of the total height of the “jump”.

In the next chapter, we will see that the Gibbs phenomenon occurs in general for functions with jump
discontinuities at arbitrary points.



General case

In this chapter, the result of Chapter 3 will be used in order to show the existence of the Gibbs phe-
nomenon for simple functions with a jump discontinuity. In Subsection 4.1.1 we will show that the Gibbs
phenomenon occurs when we consider a function with a jump discontinuity at the origin. Finally, we
will extend this proof in Subsection 4.1.2 in order to show that functions with a finite number of jump
discontinuities also exhibit the Gibbs phenomenon near the jump discontinuities.

4.1. Generalization of the Gibbs phenomenon
In order to prove the existence of the Gibbs phenomenon for a “general” function with a jump disconti-
nuity at the origin, we first need to look at the uniform version of the Riemann-Lebesgue Lemma.

Theorem 4.1. Suppose f € L'[—=, x| is a periodic function and h € C|«, 5] such that o, B] € [, ).
Then

B
/ flz —u)h(u)sin(Adu)du -0 as A — oo
uniformly in x.

Proof. We start the proof with using the fact that C!'[—r, 7] is dense in L![—=, 7]. This means we can
find a function g € C'[—m, ] that is close to f in the L'-norm. In other words, for all ¢ > 0

17 =gl = [ 160) - gtalao <.
Now consider the integral I to be
I= /5 g(z — w)h(u) sin(Au)du. (4.1)
If we perform integration by parts we geta

u=p B
I = g(z — wh(u) - —i costw)| - / % [9(z — w)h(u)] - —§ cos()du

cos(Au)
A

u=B B
B —|—/ % [9(z — w)h(u)] fdu.

= —g(x — u)h(u)

Since —g(z — u)h(u) and L [g(z — u)h(u)] are both uniformly bounded and %AA“) tends to zero as
A — oo, we get that I converges uniformly to zero as A tends to oc.

Thus,let e > 0 arbitrary, if we consider the absolute value of the integral
B
/ f(x —u)h(u) sin(Au)du

16
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and use the previous result, we obtain

B B B
f(z —u)h(u) sin(Au)du| < / [f(z —u) — g(z — w)] h(u) sin(Au)du| + / g(x — u)h(u) sin(Au)du

B
[f(ac —u) — g(x — uw)] h(u) sin(Au)du

+ ]

IN

max |h(u
alu<f

max |h(u )|e+ |1].

a<u<p

flz—u) —glx —w)] |du+ ||

IN

To conclude, as A — oo we get I goes to zero and we obtain the desired result. O

Furthermore, we need Theorem 4.2 about the convergence of the partial Fourier sum of an «a-Hoélder
continuous function.

Theorem 4.2. Let f be a function such that the left- and right-hand limit f(z{), f(x,) satisfy the a-
Hélder continuity condition at xy. Then

lim Sw[f](zg) = L70) 1 E0)

n— o0 2

Proof. In this proof we will consider the case xy # +x. For the case xy = +m, a translation by 7= and
then using the same argument will give Sy[f](x — 7) — f(x — 7) atz = 0.
By using the properties of the Dirichlet kernel, stated in Theorem 2.1, we obtain the following equation

SKA@) - 1) = 5= [ Ul —u) = )] D) “2)
Now define . -

and insert this expression in (4.2) to get

Sn(f)(zo) = flzo) = L /7T [f (o — u) — f(x0)] Dn(u)du.

2 J_,

Substituting (4.3) will give

sl = oo = 5 [ [stan =) = (LG b upa

" x xg
— % B l:f(xO_u) _ f(20) _ f(20):| DN(U)dU

Then, we use linearity of the integral and split the integration interval [—=, ] into sub-intervals to get
the following integrals

(4.4)

Swlf)(wo) — Flao / f(wo — u) Dy (u )du—% Wf(ﬁg)wu)du—% /WMDNwdu
+% tteo—wbstwdn o [ 1) by L [ 180 by
:% " (Flao— ) — flag) DN(u)du—i-Zlﬂ/Oﬂ @DN(u)du
-5 [ 148y <>du+21/0 (F(@o ) - (a) D (w)du
4—5%; (; (z 0) L/’ F@o) b w)du

:Il+I2+Ig+I4+I5+IG.
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Now we will rewrite I5 + I by using the fact that the Dirichlet kernel is an even function and applying
a change of variables with y = —u.

15+16:1/_0ﬂf(x d——/_wf (w)du

—% f(2 0) N<—y)<—dy)—§ 3 f(2 ) Dy (~y)(~dy)
O flag ) O flzg )
——ﬁ 2 Dy (y)dy +2* 20 (y)dy
™ er ™ o
—(I2 + I3),

thus we get I, + Is + I5 + I = 0. Therefore, we obtain

Sn1fl(xo) — f(zo) = I + Iy
1 ™

= 0)) Dn(u)d L ) Dy (u)d
=5 [ U@ =)= f@9) Dutuydut 5= [ (fan =) = @) Dy (.

Let 0 < 0 < 7. In step (1) we split the integration interval and in step (2) we divide and multiply by « to
obtain

-5 0
Slf)ao) = o) @ 5= [ (#lao — ) = £Ga)) Dy(uldu+ o [ (Flao ) = £(a)) D(u)d

,,, TJs

6 ™
+o /O (Flwo — ) — F(ag)) D (udu + 5~ /6 (@0 —u) = f(2)) D (u)du
(i)l/_—é (f(xo—u)—f(xg_))uDN( )du—l—;ﬂ /0 (f(m—u)-f(xé“))uDN(u)du

5(f<wo—uf L) PP ”(fwo—ug;u )Y upy oy

=J1+ Jo+ J3s+ Jy.
Now it suffices to show that given ¢ > 0, there exist 0 > 0 and N’ € N such that these choices imply
that for all N > N’ we get |SN[f}(Z‘0) — f(])o)| = |J1 + Jo+ J3 + J4| < €.

For integrals J; and J; we use the expression of the Dirichlet kernel from (2.5) to rewrite them in terms
of Fourier coefficients and then apply the Riemann Lebesgue Lemma to obtain |.J1| + |J4| < §.
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h=o ” (f(l‘o SR ) D
— e [ Gt = i)
. u
-5
— %/ (f(zo —u) — f(27)) sinl(“) (sin(Nu) cos (—) + cos(Nu)sin (7)) du
n 7
- cos (2 -4
B % /_” (f(xo —w f(xg) sin gé;) sin(Nu)du + % /_Tr (f(xo —u) — f(mg)) cos(Nu)du
= % /_7; (f(xo —u) — f(:cg)(;i)j gg)) X[—m,~4] (u)) sin(Nu)du
+ % /_Tr (f(xO —u)— f(:r(T)X[_ﬂ,_(;] (u)) cos(Nu)du
= % /ig(l’o,u) sin(Nu)du + % /_: h(zo,u) cos(Nu)du
=A+B

Since f € L'(r, ) and sin (%) is bounded in the interval [—m, —4], we get both g and h are in L*(w, )
and the integrals A and B are the Fourier coefficients of g and h. Therefore, by the Riemann Lebesgue
Lemma we get that A and B tend to zero as N — oo. Hence, J; — 0 as N — oo. Similar argument
can be used in order to show J, — 0 as N — oco. Thus we can choose § > 0 and N’ € N such that
|Ji| + | Ja] < 5.

As for the other two integrals, we use the a-Holder continuity condition to show |J3| 4 [J3] < §.

0 o) (T
|Jo| = L / <f(:1c0 w) = fzs )> uDy (u)du
2m | J_s U
1] [ —u) — flzg 1
= / (f(xo Y f(%)) - Y Sin(<N+>u>du
2| J_s u sin (%) 2
0 ) (ot
2 J_s u sin (%) 2
By the a-Holder continuity condition on f(x) we know that
|f(z) = f(zo)| < Mi|z —zo]®, i [2—mz0] <4
Therefore, | f(zo — u) — f(zo)| < Mi|zo — u — xo|* = M7 |ul*.
Since we have |sin (N + 3) u) | < 1, let |u| < 6 to get ‘Sm’(u)‘ < Ms.
Combining these bounds we obtain
0 0
|Jo| < Mg/ My |u|* tdu < M/ |u|* L du. (4.5)
-5 -5
Similarly, we obtain
5 5
|mgA@/A@Mqu§M/ﬂmww% (4.6)
0 0

where M = maX{Mng,MgMg}.
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Hence, we get

0 6
|J2] + | 5] < M/ Ju| > du + M/ |u|* " du
- 0

M [0 M [°
< —/ u| >t du + —/ |u| > du
2 /s 2 J,

M [0
= —/ lu|*~du
2 Jos

s (4.7)
= ]\/[/ |u|*Ldu
0
6
gl
e
0
~ Mo
«
To conclude, given ¢ > 0, we can choose ¢ > 0 and N’ € N such that for all N > N’ we get
IS [fl(z0) — f(z0)| <. O

In order to show uniform convergence we need the uniform Riemann Lebesgue Lemma, stated in
Theorem 4.1, and the following theorem.

Theorem 4.3. Suppose f satisfies the uniform a-Hélder continuity condition of order 0 < o < 1in (a,b).
Then Sn[f] — f uniformly in any interior subinterval [c,d] C (a,b).

Proof. Let § < min(c — a,b — d). From (4.7) of the previous proof we get |.Jo| + |J5| < 2§,
Now write J; as

-5 N 1
lei/ (flzo —u) - f(x+)) sin (( +u2)u)du
sin 5)
+1
/ fxo—ubm(( d 77/ f sln 2) )du
sin ( sin (%)
Since ( j € C'|—m, —4] we can apply the uniform Riemann Lebesgue Lemma with o = —7, 8 = —

and A= N + % to get uniform convergence to zero of J; as N — oo. According to the same argument
we get J; converges uniformly to zero as N — oc. O

These convergence results enable us to show that a “general” function g with a jump discontinuity at
the origin exhibits the Gibbs phenomenon. Because it is now sufficient to show the occurrence of the
phenomenon for another simple function (such as the Saw-tooth wave function), in order to conclude
that ¢ also shows this behavior near the origin. To elaborate this result, we consider the following
example.

4.1.1. Jump discontinuity at 0
Suppose g(x) is a piecewise smooth function with a jump at 0 such that the left- and right-limits g(0™)

and ¢g(0~) both exist and are finite.
In order to “remove” the discontinuity at 0 we consider the function h(x) defined as

o) =gt - (L2 i), @8)

where f is the Saw-tooth wave function investigated in Chapter 3.
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Now look at the limitsas + — 0T andas z — 0.

Tim_ () = g(0%) - (g(O"‘);g(O)) T M
and lim h(z) = g(07) — <9<0*>9<0>) (-1) - 9(0") —g(07)
r0- ™ > >
Define

n(0) = 90 —9(07)

2
then h(x) is continuous at 0, since both left- and right-hand limits exist finite and are equal. Therefore,
the function h(x) satisfies the hypothesis of Theorem 4.2, so we get Sy [h](z) converges at 0.
Moreover, by Theorem 4.3 we have uniform convergence in a neighborhood of 0. Therefore, we can
conclude that since f exhibits the Gibbs phenomenon near 0, it must also holds for the function g.

4.1.2. Jump discontinuity at general point
Consider a function g with a jump discontinuity at a general point x = xy and that is piecewise smooth
everywhere else. Then we can define the function

, (4.9)

if ©=ux

g(zd)—g(xzg) )
h(z) = {g(x) B (f) flea—xzo) if z#x0

g9(@d)—g(zq)
2

in which f(x—z) is a function known to exhibit the Gibbs phenomenon. Then, we get that the left-hand
limit is equal to the right-hand limit, so we get

lim h(z) = lim h(z) = h(zo) = 9(g) — 9(zq)

+ - 2
I*}ZO :E*}CL‘O

Hence, h is continuous at © = z, and therefore by Theorem 4.2, the partial sum Sy[h] converges
uniformly near z,. Since the Gibbs phenomenon occursin f(z—z), we conclude from the convergence
results in Subsection 4.1.1 that g(z) displays the Gibbs phenomenon as well at « = x.

We can use the same argument for finitely many points 1, ..., z; for which ¢g(x) has a jump discontinuity
by defining the function

v = [ ( ) )f( SR @10

9(=f) (=)

5 if v=ua;



Resolution Gibbs phenomenon

Using Fourier series expansions for approximating functions has proved to be a powerful technique
for simulations of several physical phenomena. However, as we have seen in previous chapters, the
Gibbs phenomenon arises when we approximate a function with a jump discontinuity. Specifically, the
convergence of the Fourier coefficients to zero deteriorates to the first-order and spurious oscillations
develop near the jump discontinuities. The problems that characterize the Gibbs phenomenon are also
present in Fourier spectral methods applied to partial differential equations with discontinuous functions

[8].

In this chapter we present techniques that can significantly reduce the effects of the Gibbs phenomenon.
In Section 5.1 we elaborate the problem of the slow convergence rate of the Fourier coefficients in
more detail. In Section 5.2 we review the use of filters in Fourier expansions of functions with jump
discontinuities. However, filtering does not completely remove the Gibbs phenomenon. In order to
completely remove the Gibbs phenomenon, one can use spectral reprojection methods. The general
idea of these reprojection methods is that we can reconstruct a rapidly converging series from the
knowledge of the Fourier coefficients by using different expansion functions. Thus the storage of the
information (in Fourier coefficients) remains the same, but the retrieval of the information should be
done in a different basis. This method was first introduced in [6] and will be explained in more detail in
Section 5.3.

5.1. Convergence rate

One of the manifestations of the Gibbs phenomenon is that the Fourier coefficients decay slowly. This
can be explained by the global nature of the approximation: the Fourier coefficients of a 27-periodic,
piecewise continuous function f with jump discontinuities in the interval [—, 7] are computed by

f(n) S ﬂf(t)e‘”"tdt. (5.1)

T o o

Hence, they are obtained by integration over the entire domain, including the points of discontinuity.

In the following theorem it becomes clear that we get first-order convergence of the Fourier coefficients
when we consider 27-periodic piecewise continuous functions.

Theorem 5.1. Let f be 2n-periodic and piecewise continuous, then

fn)y=0 <|711> . |n| = oc.

22
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Proof. Let ag = —7 < a1 < a2 < ... < a,, = 7 be a partition of [—m, 7] such that f is piecewise
continuous on (a;,a;+1) and the left- and right-hand limits exist finite forall j = 0,...,m — 1.
Letn € Z, n # 0. Then we get

m—1

fomy=2 [ f®) Je~ it dt = Z / T pe . (5.2)

pry

Now consider f on a certain interval [a;,a;,,] for 0 < j <n — 1. Define f; : [a;,a;41] — C as

f(t) for a; < t < aj+1
fi(t) = hmt_)aj f) for t=uaq; ; (5.3)

limt*)a;—l f(t) for t= Aj+1

then fj is a continuous function on [a;, a;+1]. Therefore, by using integration by parts we get

aj+1 i Qj+1 .
/ ft)e ™Mdt = / fi(t)e " dt
a a

J 3
1 . ! 1 [%+1 )
=——f;(t)e" + — fi(t)e™ " dt
m o m
t=a; @ (5.4)
1 —ina;iq r3 —ina; 1 4t Py —aint
= —— [filags)e ™ = fiage ™™ |+ — [ fimear

mn m

1 A —in 1 — —ina; —ina;
= - f(t)e ™dt — p [f(ajﬂ)e it — f(aj)e J] .
If we look at the first part we get a finite integral and in the second part we get a constant. Thus, we
can estimate this integral with

GJ+1 aa+1
[ e < g [T ol el e ©5)
Consequently, when we put these estimates together we obtain
. 11 (7 11 '«
< —— ! —— .6
o0l < gy [ 15O g 3 ()l + 1A (5.6)
Hence, we get | f(n)| < In\ - C, where C'is a constant.
From this we can conclude that | f(n)| = O (ﬁ) for |n| — oo O

Thus we have first-order convergence of Fourier coefficients away from the jump discontinuity and
non-uniform convergence (oscillating behaviour) near the jump discontinuity.
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5.2. Filtering methods

Filtering is a classical tool for reducing the effect of the Gibbs phenomenon in Fourier expansions. By
using a filter we alter the expansion coefficients so that they decay faster. While this will not improve the
non-uniform convergence near the jump discontinuity, a well chosen filter can improve the convergence
rate away from the jump discontinuity.

We define a filter of order ¢, where we use the notation as in [8].

Definition 5.1. Afilter of order ¢ is a real and even function () € C?~!(R) with the following properties:
@) o(n)y=0 for |n/>1
(b) c(0)=1, o(1)=0
(€) ™ (0) =™ (1) =0 forall mell,..,q—1].

Now assume the following situation: we are given the first 2V + 1 Fourier coefficients of a piecewise

analytic function f(x) that has a jump discontinuity at = = £. The classical approximation based on the
Fourier expansion would be the Nth partial Fourier sum

Snlfl(@) = > flk)e™e. (5.7)
k=—N

This partial Fourier sum approximation yields the Gibbs phenomenon, so first-order convergence away

from the jump discontinuity at + = £ and oscillations near the jump discontinuity. To improve the
convergence rate of (5.7), we use the filter o (%)

Applying a filter can be seen as modifying the classical Fourier sum (5.7) by multiplying the Fourier
coefficients with a Fourier space filter such that we obtain the modified approximation

N
sulle) = 3 o) fooe 58)

k=—N

Now, there are two important observations that can be made. First of all, it is crucial that the filtered
approximation is a continuous function in order to improve the convergence rate.

Secondly, we can rewrite the filtered approximation (5.8) to an infinite sum by using the following prop-
erty of the filter: () = 0 forn = % > 1. Hence, we obtain

sille) = Y o () fwet. 59)
k=—o0

Since now the effect of truncating the amount of Fourier coefficients used is removed, the truncation
error will vanish. This means that we have obtained a fast decay of the Fourier coefficients when we
use a filtered approximation.

More formally, this can be seen as a convolution

S5 = = [ S — ) fw)dy. (5.10)

T o r

where the filter function is given by

S(z) = i o ('ﬁ)) etk (5.11)
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Proof. By direct computation, we get

s Li (5) el‘k@w] £ )iy

- kia (W) 55 [ e ] 5.12)
E () [ o

- k_iof (') fte

O
Since f(xz) is a piecewise CP(R) function with a single jump discontinuity at = &, we get that the
following theorem holds.

Theorem 5.2. The pointwise difference between the filtered approximation f§ and the function f(z)
away from the discontinuity (so x # &) is bounded by

11 VN ([T 5
— 99 - - vy (p)|2
(@) = S 11| < Oy g KU + O </W|fp d:z:> , (5.13)
where d(z) = |x — &| is defined as the distance between a point = € [—, ] and the discontinuity, and

p—1

d(@) 1 fOE) - FOE)] / GPD () dn

=0

with

This bound is obtained by estimating the truncation error and regularization error of the approximation
and the detailed formal proof can be found in [6].

To conclude, filtering improves the convergence rate away from the discontinuity (d(x) > 0), since
all terms can be bounded by O(N'~?) depending only on the regularity of the piecewise continuous
function and the order of the filter. However, when we approach the discontinuity at = = ¢, the ac-
curacy of the approximation decreases as d(z) — 0 and thus it fails to completely remove the Gibbs
phenomenon.
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5.3. Spectral reprojection methods
If the underlying function is piecewise analytic, the Gibbs phenomenon can be completely removed by
re-expanding its Fourier partial sum approximation (5.7) using a different set of basis functions.

In this section we will show that this is indeed true for a function f(z) € L?[—1,1] that is analytic on
some subinterval [a,b] C [—1,1].

Let {T(x)} be an orthonormal family under some inner product (-, -). Assume that the inner product is
bounded |(f, ¥1)| < C by some constant C' independent of k. Furthermore, denote the finite continuous
expansion in this orthonormal basis by

N

(@) = (f, Ur)Wy(x) (5.14)

k=0

and assume this is a good approximation of the function f(z) almost everywhere. Thus
lim |f(z) = fx(2)] =0, (5.15)
N—o0
almost everywhere in z € [—1,1].

Due to the global nature of the expansion, the fact that the coefficients are computed over the entire
domain, the approximation inside the analytic sub-interval [a, b] converges slowly if there is any jump
discontinuity outside this interval.

However, under certain conditions we will show that it is possible to get a higher order approximation of
f(z) inthe interval [a, b]. This can be done by re-expanding fx () in a so-called “Gibbs complementary
family” basis.

First of all, we use the linear transformation of z € [a,b] to £ € [-1,1].
5——1+2<””—“),
b—a

such thatifa <z <b,then -1 < ¢ < 1.
Now, consider the re-expansion of fN(x) by using a different orthonormal family of functions {¢;}
defined in an interval [a, b] that is analytic and some inner product <, > .

@) =D < F(@), 63 > d(€(x)), (5.16)
k=0
where the family {#2} is orthonormal under the inner product <, >,. Then this new expansion f;(z)

converges exponentially fast in the interval [a, b] if the family {4} is Gibbs complementary to the family
{T«(x)}. Where we consider the definition of Gibbs complementary from [8].

Definition 5.2. The family {¢;} is Gibbs complementary to the family {¥(z)} if the following three
conditions hold:

(i) Orthonormality
< BR(6), 07 (€) >a= O
for any fixed A.

(i) Spectral convergence
The expansion of a function g(¢) which is analytic in —1 < ¢ < 1, in the basis ¢} (£) converges
exponentially fast with A = gm (A proportional to V). In other words,

max
~1<é<1

9O =3 <.} >0 )| S a0

k=0

(iii) The Gibbs condition
There exists a number 8 < 1 such that if A is proportional to N we have

aN

A
< GE), Wi (2(€)) > waﬁs(), ESN, <A a<l

max
~1<€<1

k




5.3. Spectral reprojection methods 27

Orthonormality makes sure to avoid redundancy. Thus to describe a function with only a small amount
of coefficients. The spectral convergence condition ensures that the maximum difference between the
actual function and the approximation converges exponentially. In other words, the “new” approximation
does not exhibit the Gibbs phenomenon. Finally, the Gibbs condition makes sure that the new projection
basis can contain all the necessary information about the function that needs to be approximated. This
means that we can project the high modes of the basis {¥,} (with & > N) on the low modes of the
Gibbs complementary family ¢;* (with small ).

To conclude, a slowly converging series

N
(@) = (f, 0) (), (5.17)

k=0

can still yield a rapidly converging approximation to f(x) if one can find another reprojection basis that
satisfies the above three conditions. Hence, given the locations of the jump discontinuities, we can
reconstruct partially analytic functions using spectral reprojection methods.

An example of a Gibbs complementary family are the Gegenbauer polynomials. In the next chapter it
will be demonstrated that any Fourier approximation can be re-expanded in the Gegenbauer basis. This
method is known as the Gegenbauer reconstruction method and the newly constructed approximation
converges exponentially.



Gegenbauer Reconstruction Method

As we have seen before, piecewise analytic functions exhibit the Gibbs phenomenon, resulting in os-
cillations near the “jumps” and only first-order accuracy away from the jump discontinuities. One way
to reduce the Gibbs phenomenon is to reproject the Fourier series on another set of basis functions. In
this chapter we will discuss an example of such a reprojection method: the Gegenbauer reconstruction
method.

First of all, we will show that the Gegenbauer reconstruction method can remove the Gibbs phe-
nomenon for an analytic, non-periodic function f € L?[—1,1] with a single jump discontinuity. After
that, we will summarize this result in the main resolution theorem. Finally, we will look at the case
of multiple jump discontinuities (as we have seen in Chapter 4) by considering an analytic function
f € L?[—1,1] that is analytic on a sub-interval [a,b] C [1,1].

Throughout this chapter we will use N to denote the number of Fourier coefficients. Furthermore, m
denotes the polynomial order of the Gegenbauer reconstruction, thus m + 1 will be the number of
Gegenbauer coefficients used in the “new” approximation and ) is the parameter that determines the
weight function of the Gegenbauer polynomials.

6.1. Resolution using Gegenbauer polynomials

The Gegenbauer transform can be seen as a special case of the Fourier transform, which is a projection
on a set of orthogonal basis functions. The Gegenbauer projection uses Gegenbauer polynomials
instead of the functions e (in Fourier expansion), as a basis.

6.1.1. Gegenbauer polynomials
The Gegenbauer polynomials C:)(x) are solutions to the differential equation

(1 —2%)y” =2\ + Day’ +n(n +2\)y = 0. (6.1)

They are defined as

Definition 6.1. The Gegenbauer polynomials C}(x) for A > 0 are the polynomial of order n that satisfy
1
/ (1= 2230 (2)CN(w)de =0 for k£,
-1

with normalization
T'(n+ 2X)

Ca(1) = nIT(2N)
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If we consider a function f(z) on the interval [—1, 1], we define its Gegenbauer coefficients as

wa—ffu—ﬁﬁéﬂm@qu (6.2)
l - h’l)\ . l ) .
with F(A 1)
3 3
h} =m Cé(l)n!F(A)(liA)' (6.3)

Furthermore, we define the truncated Gegenbauer series expansion of f(x) based on the first m + 1
terms as

m

Gr (@)=Y M) @). (6.4)

=0

Hence, the Gegenbauer polynomials are polynomials of order m which are orthogonal with respect to
their weight function (1 — 22)*~ 2 in the interval [—1,1], i.e.

/ U1 2P ) O (@) N = bk (6.5)

—1

The Gegenbauer series G, has two parameters; m describes the polynomial order of the Gegenbauer

m

expansion and the parameter A\ determines the weight function. These parameters play an important
role in estimating the truncation and regularization error of the Gegenbauer approximation.

6.1.2. Procedure

Let f(x) € L2[—1, 1] be an arbitrary function. Assume that the first 2V + 1 Fourier coefficients f(n) are
given, thus Sy [f](x) as defined in (2.5) is known.

The idea is to construct an exponential convergent approximation by using a Gegenbauer expansion
based on the information that is contained in the first 2N + 1 Fourier coefficients. This procedure
consists of two steps.

Step L.

We want to recover the first m + 1 Gegenbauer coefficients, defined as in (6.2). Since the function f(z)
is unknown, we only have an approximation of the Gegenbauer coefficients f;* of the original function.
This approximation is denoted by gl* and can be obtained by using the partial Fourier sum

A 1 . 23\ —1 A
g9 = hl’\/l(l — )" 2SN [f(2)CP (z)dx. (6.6)

Step 2:
We want to construct a Gegenbauer expansion from the obtained Gegenbauer coefficients ;' in the
previous step. Assume that f(x) is an analytic function on [—1, 1] satisfying the following assumption.

Assumption 6.1. There exist constants p > 1 and C(p) such that, for every k > 0,

af
dz*

mkcw?

max
—1<x<1
where p is the distance from [—1, 1] to the nearest singularity of f(x) in the complex plane.

Then we can denote G, (f)(z) as the Gegenbauer expansion based on the first m + 1 Gegenbauer
coefficients §;'

m

Gh (@) =3 C ). (6.7)

k=0
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6.1.3. Exponential convergence

Now we must show that we have exponential accuracy in obtaining the Gegenbauer coefficients during
the first step, provided that . and X\ are proportional to . Furthermore, we need to show that the con-
structed Gegenbauer expansion in step 2 also converges exponentially with N, given that the original
function is analytic, but contains a single jump discontinuity.

Let F

m

be the expansion of the original function f(x) into m-th degree Gegenbauer polynomials:
=Y _JCN ), (6.8)
=0

where we defined fﬁ as the Gegenbauer coefficients of the original function.

Truncation error
During the first step of the procedure we obtained the following truncation error 7.

T. = ||F = Gl = _max

(6.9)

zm;( —gz) ()

1=

The truncation error is defined as the difference between the Gegenbauer expansion (with m + 1 terms)
of the function f(z) and the truncated Fouries series Sy[f](z). Thus it measures the error in the finite
Gegenbauer expansion due to truncating the Fourier series.

The following theorem from [7] shows that if both A and m grow linearly with IV the truncation error can
be made exponentially small.

Theorem 6.1 (Exponential decay of truncation error). Let f(z) be a function in L?|—1, 1], and its Fourier
coefficients f(n),—N < n < N defined as in (5.1). Let f} be the Gegenbauer coefficients of f(z) as
defined in (6.2) and ;' be the Gegenbauer coefficients of the partial Fourier sum Sy |f](x) defined in
(6.6).

Then, if \ = aN and m = SN for «, 8 > 0, the truncation error decays exponentially with N, i.e.

Te(aN,BN,N) = max Z(fl AA) C'l( )
1=

< AN2gNY
_1<a<1 = ar

_ (B+20)FF2e
BP(2era)e -

with qr =
Regularization error

The regularization error R, originates from the second step of the procedure. Thus we consider a
function f(x) analytic on [—1, 1] and satisfying the assumption (6.1).

Re:=||f = Fpll= max |f(z) =) f}CMz) (6.10)
=0

—1<z<1

The regularization error can be estimated in the maximum norm by the following theorem from [7].
Theorem 6.2 (Exponential decay of regularization error). Let f(x) be an analytic function on [—1,1]
satisfying assumption (6.1). Let f*,0 < 1 < m be the Gegenbauer coefficients of f(xz) as defined in
(6.2). Furthermore, if \ = aN and m = gN for «, 8 > 0. Then

=D fCM)
1=0

R.(aN,BN,N) = max

< Bq¥
_1<z<1 = PAr»

(B+20)7+2

Where dqr = W

To achieve exponential decay of the truncation error and regularization error, both the degree m and
the weight parameter \ have to be selected proportional to V.
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6.2. Main Resolution theorem

To summarize, with properly chosen parameters we can reconstruct an analytic (but non-periodic)
function with exponential accuracy by using the Gegenbauer reconstruction method. Thus, we can
construct an exponentially convergent approximation to an analytic, non-periodic function, from its first
2N + 1 Fourier coefficients.

This can be done by the procedure described in Subsection 6.1.2. In Subsection 6.1.3 we showed
this approximation is exponentially accurate and thus converges to the true coefficients provided that A
grows linearly with V. Furthermore, these coefficients can be used to construct the partial Gegenbauer
expansion which is shown to converge exponentially to f(x). These results can be summarized in the
following main resolution theorem about the removal of the Gibbs phenomenon.

Theorem 6.3 (Main resolution theorem). Consider an analytic and non-periodic function f(x) on[—1, 1],
satisfying
k!

k
d f(x)’sc*(p)pk, 1.

dz
Assume that the first 2N + 1 Fourier coefficients f(n) are known.

Let §,0 <1 < m, be the Gegenbauer coefficients of Sy|[f](z) = ZL_N f(n)eine,
Then, for A = aN and m = BN with o, > 0

max
—1<z<1

fa) =3 5 CrM@)

_max < AN?*q} + Bqy,
=T =0
where ) )
qr = 7(ﬁ + 20[)’6+ : <1 qr = <ﬂ + 2Oé)ﬂ+ . <1
BB (2ema)™ ’ - ae2ft2(8 4 a)fte .

Proof. The proof of exponential convergence involves considering the distance between the original
function f(x) and its approximation based on the Gegenbauer series G, (f)(z).
More formally,

”f<_(;QW|S Hf__lai‘|+-ulii__(;%‘L

This equation can be rewritten in terms of the truncation error and regularization error as defined in
(6.9) and (6.10) to obtain

m

flx) =) frCi)
1=0

< Bgp + AN?qy’.

m

S (fr-a) e

< max

—1<x<1

max
—1<z<1

) =3 @)
=0

+ max
—1<x<1

The first term is the regularization error and the second term describes the truncation error. Both errors
are bounded, as can be seen in Theorem 6.2 and Theorem 6.1 respectively. O

So far we can remove Gibbs oscillations from non-periodic analytic functions, thus handling a single
jump discontinuity. However, what if the function has multiple jump discontinuities?

6.2.1. Reconstruction for piecewise analytic functions

For piecewise analytic functions one can project each analytic sub-interval on another basis and then
combine these parts to restore the function on the whole interval. Let f(z) be such a function in
L?[-1, 1], which is analytic on a sub-interval [a,b] C [-1, 1].

Just as in Section 5.3, we can use the linear transformation of = € [a,b] to £ € [-1,1] and apply the
Gegenbauer projection G, (Sx[f])(&(z)) in order to get the following expression for the Gegenbauer
coefficients

gﬁ:hl? / (1— €Sy [f)(E(2))CM(©)de. (6.11)

-1

Hence, following the same procedure, we can obtain the Gegenbauer coefficients g;' by evaluating
these integrals. Computing these integrals is more costly, but the idea remains the same: computing
the Gegenbauer coefficients by using the given truncated Fourier series.
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6.2.2. Gegenbauer reconstruction of step function

Consider the step function defined on [-1,1] of the form f(z) = ;- for z € [-L, L]. To illustrate the
Gegenbauer reconstruction compared to the Fourier reconstruction we will look at the approximation
of this function using both methods. Furthermore, we will consider different values of the parameter m
to show the importance of choosing the right amount of coefficients used in the Gegenbauer expansion.

In Figure 6.1, it can be seen that if the number of Fourier coefficients N (proportional to m) is too low,
the reconstruction will not be accurate. However, if we take m too high, the reconstruction will still
exhibit some of the Gibbs phenomenon as can be seen in Figure 6.2.

Gegenbauer-recovery, direct method, N =10, m=2
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Figure 6.1: Gegenbauer reconstruction with not enough Fourier coefficients. Figure from [11].

Gegenbauer-recaovery, direct method, N =10, m =10
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Figure 6.2: Gegenbauer reconstruction with m too high. Figure from [11].



6.2. Main Resolution theorem 33

To conclude, m has to have a value for which both the truncation error and regularization error decay
exponentially. Figure 6.3 shows that if m is chosen carefully, then the Gegenbauer reconstruction
indeed will be a good approximation of the original function.

Gegenbauer-recovery, direct method, N=16, m=2
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Figure 6.3: Gegenbauer reconstruction with parameters well chosen. Figure from [11].



Application to MRI

One of the most common applications of Fourier analysis is signal processing. The Fourier trans-
form is often used to decompose a signal into individual simple sine and cosine waves with varying
combinations of frequencies and amplitudes. By adding together all these simpler waves with their cor-
responding Fourier coefficients, the Fourier series, we can reconstruct the original signal. This enables
us to approximate an infinite signal in the time domain with a finite amount of Fourier coefficients in the
frequency domain.

7.1. Magnetic Resonance Imaging

Magnetic Resonance Imaging (MRI) is a noninvasive procedure that provides discrete data about the
human body. With regard to MRI, the signal we wish to decompose is the MR echo containing the
frequency-and phase-encoded spatial information necessary to construct an image.

This signal is digitized, decomposed by the Fourier transform, and entered into a two-dimensional
Fourier space, the so-called ’k-space’, that organizes spatial frequency and amplitude information [4].
One pixel in k-space corresponds to a single, specific spatial frequency. The two-dimensional inverse
Fourier transform of the k-space combines all these spatial frequencies to obtain an image.

The filtered Fourier reconstruction method is mostly used to reconstruct the image. This Fourier ap-
proximation is commonly used because of its exponentially and uniformly converging approximation for
images without discontinuities (or edges). However, if the image contains discontinuities, then spuri-
ous oscillations will appear in the reconstruction at the discontinuities and the overall convergence rate
will be significantly reduced. This behaviour can be seen in the image and is called the Gibbs ringing
artifact.

7.1.1. Gibbs ringing artifact

Gibbs artifact is an imperfect approximation of sharp edges by a Fourier series lacking an adequate
number of high-frequency terms. In MR, this is commonly referred to as the “ringing artifact”. This
artifact appears due to the many different tissues of the body present in each scan. It can be seen as
an oscillation appearing radially around the borders of the image discontinuities. In axial brain imaging,
the Gibbs ringing artifact manifests itself at the boundaries of the tissues as can be seen in Figure 7.1,
making it difficult to determine the structure of the brain tissue.
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7.2. Resolution to Gibbs ringing artifact 35

Figure 7.1: Gibbs artifact. Axial gradient-echo image of brain obtained at 256 x 160 matrix. Gibbs artifact near inner table of
calvarium manifests as subtle hypointense lines overlying cortex (arrows), image from [4].

7.2. Resolution to Gibbs ringing artifact

In Neural imaging, there is a difference between high-signal fat in the scalp and low-signal in the scull.

Therefore the underlying function has discontinuities at tissue boundaries and consequently the Gibbs

ringing artifact will occur. Hence, we get oscillations near tissue boundaries and the overall rate of

convergence will be reduced to first-order. To demonstrate a resolution of the Gibbs ringing artifact, we

will be looking at the two-dimensional Fourier approximation of a piecewise analytic periodic function
n[—1,1] x [—1,1] thatis sampled on equally spaced discrete data points z; = % forj=0,..,2N—1.

The two-dimensional Fourier approximation is given by

Z Z Frpei ety (7.1)
—NI=—N

where we define the Fourier coefficients as

2N—-12N-1

1
frea = Z Z faj,yn)e Fratton), (7.2)

4N2cpc;
L

7.2.1. Filtered Fourier reconstruction

As noted in Section 5.2 a filter can increase the rate of decay of the Fourier coefficients away from the
discontinuity. The filtered Fourier reconstruction applied to MRI is efficient and has low computational
cost [1].

The two-dimensional filtered Fourier reconstruction is computed as

Z Z 01,01 fi et Fe ) (7.3)
“NI=—N

where o, = o (‘ ') ando; =0 (' ') are the filter functions used.

However, this filtered Fourier reconstruction still exhibits oscillating behavior near the tissue boundaries.
Thus, we will consider applying a hybrid method in which we combine the efficiency of filtered Fourier
in regions away from discontinuities and the high-resolution of Gegenbauer reconstruction near the
discontinuities.
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7.2.2. Hybrid Gegenbauer method

In Chapter 6 we have seen that the Gegenbauer reconstruction method clearly has a higher resolution
near jump discontinuities compared to the (filtered) Fourier approximation. However, it is considerably
more computationally costly than the filtered Fourier reconstruction [1].

In order to perform the hybrid Gegenbauer method we must be able to locate the discontinuities and
their corresponding jump values.Therefore an edge-detection method is necessary to determine the
analytic intervals in which the images can be reconstructed, see for example [1].

Let both 2 and y be close to the edges of the interval, so near the discontinuities, then we apply the
Gegenbauer reconstruction procedure in both directions.

The Gegenbauer coefficients in two dimensions can be computed as

ang = hAhA/ / (1 =22 (1 =2 2SN [f] (), y(my)) Op ) O (), (7.4)

where 7, and 7, are the local variables in [—1, 1] defined by z(n,) = .1, + 6, and y(ny) = eyny + oy

with e, = LQ“L) £y = (by—ay) ay) and g, — (betas) +al) 5, = _ (b +ay)

The Gegenbauer coefﬁments are computed usmg the two- dlmenS|onaI Fourier partial sum S [ f](x(nz), y(ny))
as can be computed in (7.1).

Furthermore, we can construct the two-dimensional Gegenbauer series. For simplicity, assume we
choose A = A\, = Ay and m = m, = m,,. Then using the Gegenbauer reconstruction methods in both
directions we get

GYI (D)) =D ari(@)CR () C (). (7.5)

Consider a piecewise analytic function f(z) that is analytic inside the interval [a,,b;] x [a,,b,]. Then
the hybrid Gegenbauer method is given by

Gyl (f)(wy) if az<z<ayz+p, ay<y<a,+p
R (3, y) = or by —p<x<b;, b,—p<y<b, , (7.6)
Silfl(wy) i ar+p<z<bi—p and a,+p<y<b,—p

(b=a)
2

where 0 < p < is a neighborhood parameter.

Thus, inside the analytic interval we will use the computational efficient two-dimensional filtered Fourier
partial sum and in the neighborhood of a jump discontinuity we use the high-resolution Gegenbauer
method. To conclude, it is possible to improve the accuracy of reconstruction in MRI by using the hybrid
Gegenbauer method.



Conclusion

In this report, we showed the existence of the Gibbs phenomenon for the Saw-tooth wave function
and computed the size of the overshoot and undershoot near the jump discontinuities by evaluating
the sine integral function. In particular, we observed that this overshoot and undershoot will never
decrease below 9% of the height of the “jump”.

Using the convergence result from the uniform Riemann Lesbesgue Lemma, we showed that any piece-
wise smooth function with a jump discontinuity at the origin exhibits this phenomenon. After that, we
generalized this result for a function with a jump discontinuity at a general point.

Hence, we showed that any piecewise smooth function with a finite number of jump discontinuities
exhibits the Gibbs phenomenon.

The Gibbs phenomenon arises when we approximate a function with a jump discontinuity. Specifically,
the convergence of the Fourier coefficients to zero deteriorates to the first order and spurious oscil-
lations develop near the jump discontinuities. In the second part of this thesis we discussed several
techniques to remove these oscillations and improve the convergence rate.

Filtering methods can improve the convergence rate away from the jump discontinuities, however this
will not improve the non-uniform convergence near the “jumps”. In order to completely remove the
Gibbs phenomenon we need to re-expand the Fourier approximation using a different set of basis func-
tions. Spectral reprojection methods can be used to reconstruct a rapidly converging series from the
knowledge of the Fourier coefficients by using a “Gibbs complementary family” of expansion functions.
These reprojection methods are very suitable for recovering piecewise analytic functions from their
Fourier coefficients with great accuracy up to the jump discontinuities.

For example, we have seen that the Gegenbauer reconstruction method can be used to reconstruct an
exponentially convergent approximation of a piecewise analytic function.

Finally, we looked at the occurrence of Gibbs ringing artifact in Magnetic Resonance Imaging. It has
been shown that it is possible to improve the accuracy of image reconstruction by using the hybrid
Gegenbauer method. This method combines the efficiency of the filtered Fourier reconstruction in
regions away from the tissue boundaries and the high-resolution of the Gegenbauer reconstruction
near the tissue boundaries.

Discussion and further research

It is possible to study other possible Gibbs complementary basis functions that can further improve
the accuracy. In particular, one can try to address the weaknesses of the Gegenbauer reconstruction
method that consist of round-off errors and the appearance of the generalized Runge phenomenon.
In addition, one can demonstrate the improvement of the Gibbs ringing artifact in medical imaging for
the MRI by simulating brain phantoms.

Furthermore, different edge-detection methods, necessary in order to apply the hybrid Gegenbauer
method in MR, could be reviewed.
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Appendix

A.l. Riemann-Lebesgue Lemma
LemmaAA. Let —c <a<b<ocand f € L'(a,b). Then

b
lim / f(z)e~™Mdt = 0. (A.1)

|A|— o0
In particular, if f € L'(T), then f(n) — 0 as |n| — oo.
Proof. For all A € R we consider
_ /" —ixt
N =5 [ fear

Observe that J(f, \) is well-defined since we have

1

NI < 5= [ £l de = 151 < o

The structure of the proof consists of three parts. First, the statement (A.1) will be proven for character-
istic functions. Secondly, simple functions will be considered and finally the density of simple functions
in L*(—n, ) will be used in order to proof (A.1) for functions f € L!(—n, 7).

Let o, 8 € R with —7 < a < 8 < 7, and denote

gy (8) = {1 ift € [a, B)

0 else

Then for A # 0, we have

1 " —1i 1 ? —1i 1 —q —ida
J(1[aﬁ),A):%/i L) (t)e ’\tdt:%/ e ’\tdt:—m(e A gmiAe) (A.2)

Thus if we take the limit |A\| — oo we get

|e=iM8 _ gmida|
li 1a5,N)| = 1
Mlm IJ(L[a,8), M) im

| |X|— o0 27| A
< lim —— A3
- \Agloo 27| Al (A-3)
= lim 1 0
ET I

39



A.2. Additional theorem for proving the Gibbs phenomenon 40

Hence, we proved the statement (A.1) for characteristic functions.

Consider step functions defined as
5= Z%l[ai,ﬁi)’
i=1

for —m < a; < B; < 7. By linearity of the integral, it follows from (A.3) that

|A]—o0

lim J(s,\) = Y% (1ja,,5,),A) = 0. (A.4)
=1

Finally, let f € L*(—m, ).

Since step functions are dense in L'(—x, 7) we get for all ¢ > 0 there exists sc = >;" | Yil{a, g,) Such
that || f — sc||1 < §. Furthermore, from the second part of the proof (A.4) we know there exists 6. > 0
such that for all |A\| > 6. we have |J(s,\)| < 5.

Combining these two results we get that for all |\| > ¢., we have

<1 =5, )]+ 13(s, A

< [If = slls + [3(s, V)| (A5)
P
2Ty~ ¢
To conclude, we proved that
lim J(f,\) =0.
|A|—o0
O

A.2. Additional theorem for proving the Gibbs phenomenon
Theorem A.1. For0 <1< [1(n—1)] — 1, we have

20+ 1 20+ 3
On (WW) > on (7H—17T> .

Proof. Define

B 20+ 2)r+t
va(t) = on (221 (A6)
and
W(t) = () = (£ — 2) — B (8) + s (¢ + 27). (A7)
To show w(t) is strictly increasing for 0 < ¢ < 7, we consider
dﬂ(t) B sin (%_H’/T) sin(t) 1 1 (A.8)
dt n+1 cos (ﬁﬂ) — cos (7(%:?;4) cos (%_Hﬂ) — cos (7(212‘1)?“) -

The full derivation of this equation can be found below in (?7?).
If n is even, the condition 0 <! < [1(n—1)] — 1 implies 2/ +3 <n — 1.
If n is odd, the condition implies 2/ + 3 < n.

Hence, we get
1 2 — 2
cos 2 s cos [EAIT—tY A (@UEIT A (A9)
n-+1 n-+1 n-+1

From inequality (A.9) we can conclude that in both cases (n is odd or even) the denominator of (A.8)
is positive. So % (¢) > 0 for 0 < ¢t < 7. Consequently, w(t) is strictly increasing on the interval [0, 7].
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Since w(0) = 0, we get w(m) > 0.
From this inequality, we can obtain the following equation by using the definition of w(t) from (A.7)

20+ 3 20+5 2041 20+ 3
On (n+ ﬂ) ~ (m”) <on (n+17r> ~ (m”) : (A-10)

Now it is useful to consider two cases:

Case 1: n is even
If we consider 2l + 3 =n — 1, we get ¢, (Mw) = ¢, (m) = 0. Substituting this in equation (A.10), we

n+1
get
n—1 n—3 n—1
0< ¢ (n+1ﬁ><¢" <n+1ﬂ>_¢" <n+1ﬂ'>. (A.11)
Case 2: n is odd

If we consider 2/ + 3 = n, we get ¢, (ff—jfw) = ¢n (Z—jrjw) Substituting this in equation (A.10) we
obtain

n n—1 n+2 n—2 n

Combining (A.10) with (A.11) for n is even and with (A.12) for n is odd finalizes the proof. O

A.3. Python code

Python code for Figures 3.3 and 3.4, to provide a visualization of the Gibbs phenomenon for the Saw-
tooth wave function.

DN N NN N s s

import numpy as np
4+ import matplotlib.pyplot as plt
# Define the nth partial sum function of Saw-tooth wave function
def nth_partial_sum(x, n):
partial_sum = np.zeros_like(x)
for k in range(l, n + 1):
partial_sum += np.sin(k * x) / k
return partial_sum
# Generate = walues
x_values = np.linspace(0, np.pi, 1000)
# Number of terms in Fourier series
N = 250
# Calculate Nth-partial sum
S_N = nth_partial_sum(x_values, N)
# Plotting
plt.figure(figsize=(10, 6))
plt.plot(x_values, S_N)
plt.legend ()
plt.grid(False)
plt.show ()
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