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A B S T R A C T

This paper investigates the formation keeping problem of heterogeneous ships with underactuated inputs,
uncertain dynamics, and environmental disturbances. The control objective is to make the heterogeneous
followers keep the desired formation while tracking a leader. To solve the problem effectively, a novel virtual
leader–follower formation scheme considering the ship heterogeneity is proposed by utilizing the backstepping
method, adaptive neural network, and adaptive control law. The stability of the formation control system is
proved based on Lyapunov’s direct method where all tracking errors are guaranteed to be uniformly ultimately
bounded. Finally, simulations and comparisons are conducted to verify the effectiveness of the proposed control
law.
1. Introduction

1.1. Motivation

In recent years, the formation control of multiple autonomous ma-
rine surface vessels has attracted huge attention due to its advantages
in widespread applications in water space (Zereik et al., 2018). By
selecting appropriate control strategies, formation controller can ensure
a group of ships keeps the desired relative posture, maintains the
coordinated movement, and finally completes a specific task (Ren and
Cao, 2011; Chen and Wang, 2005). Compared to individual applica-
tions, formation applications can improve the efficiency of repetitive
or continuous tasks. Relevant applications can be roughly summarized
from military to civil missions, such as unmanned patrolling, surveil-
lance, unmanned convoying, marine survey, environment monitoring,
rescue, and cargo delivering. The existing applications and research
mainly prefer to use small unmanned surface vessels (USVs) to carry
out theoretical verification due to their good control performance and
accessibility. Nevertheless, huge demands on the economy and carbon
emissions attract research on large ships, especially on cargo delivery
ships.

In 2017, to solve the problem of cargo transportation in the inland
river and short sea, Novimar (2017) has put forward the concept of

✩ Supported by the National Natural Science Foundation of China (62003250), and Southern Marine Science and Engineering Guangdong Laboratory (Zhuhai)
(SML2021SP101).
∗ Corresponding author at: Intelligent Transportation Systems Research Center, Wuhan University of Technology, Wuhan, China.

E-mail address: jialunliu@whut.edu.cn (J. Liu).

Vessel Train and done some research on ship design, logistics trans-
portation strategy, formation controller design, and so on (Munim,
2019; Haseltalab et al., 2019; Chen et al., 2019). Virtual simulation ex-
periments of Vessel Train are carried out in MARIN to test the proposed
formation controller. Moreover, full-scale demonstrations are executed
to show their effectiveness on real ships. Additionally, this project has
put forward a lot of effective suggestions from logistics, control, policy,
emissions, and other aspects (Colling and Hekkenberg, 2019; Colling
et al., 2021; Meersman et al., 2020a,b). However, the NOVIMAR project
aims at exploring the accessibility of isomorphic formation control con-
sidering the existing European navigation environment and the current
technological development, where heterogeneous ships are considered
a huge challenge and are neglected because of the technical difficulties
among different ships. Thus, formation control of heterogeneous ships
is changeable and is worthy of study.

A vessel can be taken as an agent in development of the forma-
tion control algorithm. Isomorphic agents are widely considered in
formation control on robots, planes, vehicles, and ships, where the
research objects are defined with the same maneuverability and types.
Specifically on previous research, isomorphic agents are regarded to
have the same dynamic model and even the same parameters. However,
the research objects in real world are not the same. It is of great
vailable online 21 September 2022
029-8018/© 2022 Elsevier Ltd. All rights reserved.
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challenge to figure out the performance of heterogeneous controlled
objects. In previous studies, heterogeneous agents can be summarized
into two aspects. One is the different dynamic model, usually, the
control objects are divided into first-order, second-order, or high-order
multi-agent systems (Zheng et al., 2011; Shimin et al., 2020), for
example, the formation between unmanned aerial vehicles (UAVs) and
unmanned ground vehicles (UGVs) (Rahimi et al., 2014). The other
aspect is the different heterogeneity dynamics in the same dynamic
model, where, for example, (Liu et al., 2021) stresses the heterogeneity
dynamics in AUVs. Similar to these heterogeneous agents, heteroge-
neous ships are assumed to equip with different maneuverability and
control characteristics. The heterogeneous features may come from
different ship types, ship parameters, propulsion systems, and those
properties that have effects on control performance. Some studies have
noticed the heterogeneity of hydrodynamics caused by currents and
waves (Yuan et al., 2017). However, these studies do not consider
other heterogeneous characteristics. Compared with isomorphic ship
formation, research on heterogeneous ship formation need to focus
on the more important issue: universality of formations. From the
perspective of control, the factors on heterogeneous formation can be
concluded as follows:

1. The static differences of ships including ship coefficients, scale,
propulsion, and other fixed features that will not change during
the navigation;

2. The dynamic differences of ships including ship draft, load,
speed, and other changeable motion parameters;

3. The disturbances differences including internal ship motion
model uncertainties, external environment disturbances, com-
munication errors, control delay, system response time, and
other unknown factors.

Motivated by previous research, this study concerns how to apply
ormation control technology to heterogeneous ships with different
aneuverability and types. In this study, the differences are described

y using different ship parameters considering the same ship motion
odel. Ship unknown dynamics and uncertain disturbances are both

onsidered during the formation control process.

.2. Related works

Usually, the establishment of the formation control algorithm needs
o consider the kinematic model of the research object first. Then, the
atrix form is used to describe the formation structure and the control
ethods are determined by choosing different targets and objects. The

yapunov method is also demonstrated to guarantee the stability of
he proposed controller (Oh et al., 2015; Das et al., 2016). Peng et al.
2020) has concluded some core issues on formation control problems,
here the preliminary issues could be summarized as non-linearity,
ncertainty, under-actuation, constrained variables, unmeasured states,
care communication bandwidth, and collision avoidance. From the
lassification of formation structure, three common formation modes
re summarized including: leader–follower approach (Wang et al.,
020b; Peng et al., 2020), virtual-structure approach (Liu et al., 2017;
u et al., 2019; Fu et al., 2017), and behavior-based approach (Ar-

ichiello et al., 2006). All these methods have their advantages and
hortcomings (Ghommem et al., 2007). Moreover, other approaches
ike graph theory (Li and Zheng, 2018), and the artificial potential
unction (Li and Zheng, 2018) are receiving more and more attention
ue to the systematic research on their information flow and formation
tructure.

The most common and efficient method is the leader–follower ap-
roach. After Breivik et al. (2008) proposed the initial leader–follower
ormation control scheme on ships by using three degrees of freedom
DOF) on the full actuated ship model. 4 DOFs underactuated ship
odels are considered in (Chen et al., 2020) to guarantee the formation
2

rror limiting in finite time. However, high-order DOFs need more
input degrees, which are not common in real ships due to the under-
actuation. Thus, 3 DOFs is appropriate to describe the characteristics
of the formation control.

Since the sliding mode control (SMC) has been successfully em-
ployed in the area of formation control problems owing to its strong
robustness and simplicity. Many research have modified SMC algo-
rithms to solve formation problems. Sun et al. (2018) proposed the SMC
controller with estimation on ship unknown parameters and the envi-
ronment disturbances. Wang et al. (2020b) improved the SMC structure
with PI sliding surface and introduced the command filter based on
the dynamic surface control technique (DSC). Wang et al. (2020a)
has simplified the design process of the backing stepping design and
reduced the influence of high-frequency measurement noise. The input
constraints of formation control on ships are considered in (Riahifard
et al., 2020), where neurodynamic optimization and fuzzy approxima-
tion are presented as well to solve the uncertainties of disturbances and
unknown dynamics. Lu et al. (2018) proposed a novel robust adaptive
formation control scheme based on the minimal learning parameter
(MLP) algorithm and the disturbance observer (DOB), which reduces
the computational effort and increases the ability to compensate the
external disturbances. Nevertheless, most researchers have used same
ship dynamic models to verify the effectiveness of their proposed
formation controller. They lack discussions on the performance of
heterogeneous dynamics between different ships.

1.3. Study organization

In this study, we emphasize the ship formation performance with
heterogeneous parameters according to the summarized reasons for
the heterogeneity features. To solve the problem of controlled objects
on under-actuated heterogeneous cargo ships, the static differences
of heterogeneity parameters are first considered. Furthermore, the
formation control problems are extended from isomorphic ships to
heterogeneous ships with the consideration of uncertain dynamics and
unknown disturbances.

The main contributions of this work can be summarized as follows:

1. The ship formation controller with heterogeneity ship dynamics,
time-varying disturbances, and uncertainties is investigated. Es-
pecially, the heterogeneous features of ship control aspects are
summarized.

2. The static ship heterogeneity dynamics are considered during the
formation controller design, and the results show that the pro-
posed controller has high compatibility and adaptability in both
isomorphic and heterogeneous formation keeping problems.

3. Considering the factors on formation control, including the in-
ternal errors caused by ship model uncertainty and external
errors caused by the environmental disturbances, the proposed
controller can achieve effective control performance. To make
the formation scheme smoother and less complex, methods of
limiting virtual control speed, using offline rolling RBF networks
are introduced to improve the computing performance of the
control law.

This research is organized as follows: the kinematic and kinetics
model of an underactuated ship with heterogeneity dynamics, model
uncertainties, and unknown disturbances are introduced in Section 2,
where the virtual leader–follower formation structure is demonstrated
as well. In Section 3, a preliminary controller with improved virtual
speed selection is established for the structure of the formation con-
troller. Furthermore, consideration on ships’ uncertain dynamics and
external disturbances are well approached by adaptive estimation and
approximation approaches in Section 4. Additionally, the stability and
robustness are verified by the Lyapunov direct method. Simulation
results and analysis on isomorphic and heterogeneous ship models are
given out in Section 5. Finally, Section 6 concludes the paper.
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2. Problem formulation

2.1. Dynamic model of a ship

As ship control is very complicated due to the complexity of the
ship motion model, unknown hydrodynamics estimation, and so on.
To simplify this process and ensure the control accuracy, a three
DOFs underactuated ship model including surge, sway, and yaw is
considered. According to (Fossen, 2011), it can be described as:

⎧

⎪

⎪

⎪

⎪

⎨

⎪

⎪

⎪

⎪

⎩

�̇� = 𝑢 cos(𝜓) − 𝑣 sin(𝜓)
�̇� = 𝑢 sin(𝜓) + 𝑣 cos(𝜓)
�̇� = 𝑟
�̇� =

((

𝑚22𝑣𝑟 − 𝑑11𝑢 − 𝑓𝑢
)

+ 𝜏𝑢 + 𝜏𝑤𝑢
)

∕𝑚11

�̇� =
((

−𝑚11𝑢𝑟 − 𝑑22𝑣 − 𝑓𝑣
)

+ 𝜏𝑤𝑣
)

∕𝑚22

�̇� =
((

𝑚11 − 𝑚22
)

𝑢𝑣 − 𝑑33𝑟 − 𝑓𝑟 + 𝜏𝑟 + 𝜏𝑤𝑟
)

∕𝑚33,

(1)

where (𝑥, 𝑦, 𝜓) denote the gravity displacements and heading angle in
the earth-fixed frame. (𝑢, 𝑣, 𝑟) are surge, sway, and yaw velocity, re-
spectively. (𝑚11, 𝑚22, 𝑚33) denote the ship inertia coefficients including
added mass effects. (𝑑11, 𝑑22, 𝑑33) represent the hydrodynamic damping
coefficients. (𝜏𝑤𝑢, 𝜏𝑤𝑣, 𝜏𝑤𝑟) denote the time-varying external environ-
ment disturbance including waves, currents, winds, and other distur-
bances. (𝑓𝑢, 𝑓𝑣, 𝑓𝑟) are the ship uncertain dynamics. (𝜏𝑢, 0, 𝜏𝑟) are the
underactuated inputs.

Remark 2.1. Suppose that the external disturbances (𝜏𝑤𝑢, 𝜏𝑤𝑣, 𝜏𝑤𝑟)
satisfy

|

|

𝜏𝑤𝑢|| ≤ |

|

𝜏∗𝑤𝑢|| , |

|

𝜏𝑤𝑣|| ≤ |

|

𝜏∗𝑤𝑣|| , |

|

𝜏𝑤𝑟|| ≤ |

|

𝜏∗𝑤𝑟|| , (2)

where the 𝜏∗𝑤𝑢 > 0, 𝜏∗𝑤𝑣 > 0, 𝜏∗𝑤𝑟 > 0 present that the upper bounded of
external disturbances.

Here are some basic lemmas that can be referred to in the context.

Lemma 1. According to literature (Polycarpou, 2001), For ∀𝜀𝑖, 𝜛𝑖 ∈ +,
we have

0 ⩽ |𝜛𝑖| −𝜛𝑖 tanh𝜛𝑖 = |𝜛𝑖| −𝜛𝑖 tanh (𝜛𝑖∕𝜀𝑖) ⩽ 0.2785𝜀𝑖,

where 𝑖 = 1, 2 .

Lemma 2. The radial basis function neural network (RBFNN) has been
confirmed to have a great performance on approximating the unknown
function. It can be described as:

𝑓𝑛(𝑍) = 𝑊 ∗𝑇𝐻(𝑍) + 𝜀,

where 𝑍 ∈ + is the input data, 𝐻(𝑍) = [ℎ1(𝑧), ℎ2(𝑧),… , ℎ𝑛(𝑧)]𝑇 is the
basis function vector, where it can be chosen as:

𝐻𝑞(𝑥) = exp(−
‖

‖

‖

𝑥 − 𝑐𝑗
‖

‖

‖

2

2𝑏2𝑗
), 𝑗 = 1, 2,… , 𝑛,

𝜀 is the error of the approximation function.

2.2. Virtual leader–follower model

The formation model based on the leader–follower has been pro-
posed in research (Wang and Li, 2020; Wang et al., 2020b). In this pa-
per, to simplify the leader-follower structure, a virtual leader–follower
structure is defined in Fig. 1 referred to (Chen et al., 2020). This
figure presents the basic geometric structure of the two ships based
on the virtual leader–follower approach, where 𝑋𝐸 − 𝑌𝐸 denotes the
earth-fixed frame, 𝑥 − 𝑦 stands for the body-fixed frame. (𝑥𝐿, 𝑦𝐿, 𝜓𝐿),
(𝑥𝑑 , 𝑦𝑑 , 𝜓𝑑 ), and (𝑥, 𝑦, 𝜓) represent the position and heading angle of the
leadership, virtual ship, and the follower ship, separately. (𝑢𝐿, 𝑣𝐿, 𝑟𝐿),
(𝑢 , 𝑣 , 𝑟 ), and (𝑢, 𝑣, 𝑟) are their surge, sway, and yaw velocities. The
3

𝑑 𝑑 𝑑
Fig. 1. The formation structure of the leader–follower approach.

formation structure can be constrained by distance 𝜌 and relative angle
𝜆. Thus, we have

𝜌 =
√

(

𝑥𝐿 − 𝑥
)2 +

(

𝑦𝐿 − 𝑦
)2

𝜆 = arctan
(

𝑦𝐿 − 𝑦, 𝑥𝐿 − 𝑥
)

.
(3)

Suppose the virtual vessel can keep the formation structure strictly
in real-time. If the follower can track the virtual vessel, the desired for-
mation can be completed. Thus, the follower position can be calculated
by:

⎛

⎜

⎜

⎝

𝑥𝑑
𝑦𝑑
𝜓𝑑

⎞

⎟

⎟

⎠

=
⎛

⎜

⎜

⎝

𝑥𝐿
𝑦𝐿
𝜓𝐿

⎞

⎟

⎟

⎠

+
⎛

⎜

⎜

⎝

cos(𝜓𝐿) − sin(𝜓𝐿) 0
sin(𝜓𝐿) cos(𝜓𝐿) 0

0 0 1

⎞

⎟

⎟

⎠

⎛

⎜

⎜

⎝

𝜌𝑑 cos(𝜆𝑑 )
𝜌𝑑 sin(𝜆𝑑 )

𝛽

⎞

⎟

⎟

⎠

, (4)

where 𝛽 is the heading angle error between the follower and the virtual
vessel.

Remark 2.2. The leadership’s position and heading angle (𝑥𝐿, 𝑦𝐿, 𝜓𝐿)
and formation structure parameters (𝜌𝑑 , 𝜆𝑑 ) and 𝛽 are known.

Assumption 2.1. The variables of following ship including (𝑥, 𝑦, 𝜓),
(𝑢, 𝑣, 𝑟) and their first derivative and second derivative are all smooth
bounded.

Thus, the error of the virtual follower’s position in the earth-fixed
system is given by:

⎧

⎪

⎨

⎪

⎩

𝑥𝑒 = 𝑥 − 𝑥𝑑
𝑦𝑒 = 𝑦 − 𝑦𝑑
𝜓𝑒 = 𝜓 − 𝜓𝑑 .

(5)

If the 𝑥 = 𝑥𝑑 , 𝑦 = 𝑦𝑑 , 𝜓 = 𝜓𝑑 , which means 𝜌 = 𝜌𝑑 , 𝜆 = 𝜆𝑑 , and
the desired formation structure is achieved. Thus, the formation control
problem can be transformed into a trajectory tracking problem.

2.3. Controller objectives

Under the assumptions, the formation control target can be divided
into two parts.

Kinematics goal. In earth-fixed coordination, given the desired
formation structure 𝜌𝑑 and 𝜆𝑑 , choose suitable virtual ship speed con-
trol law 𝛼𝑢 and 𝛼𝑣 to ensure 𝜌→ 𝜌𝑑 and 𝜆 → 𝜆𝑑 .

Kinetics goal. For kinetics goal, choose suitable input torques 𝜏𝑢
and 𝜏 to ensure the follower can achieve 𝑢 → 𝛼 and 𝑣 → 𝛼 .
𝑣 𝑢 𝑣
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3. Preliminary controller design and stability analysis

In this section, a preliminary formation controller based on the
virtual leader–follower approach is introduced. Based on the analysis
in Section 2.3, the kinematics and kinetics of the formation system are
designed respectively. Moreover, considering the underactuated char-
acteristics and calculation complexity, some innovations are proposed
to improve control effectiveness. The preliminary formation controller
in this section is proposed under the following assumptions.

Assumption 3.1. Firstly, the preliminary formation controller ignores
the uncertainties of ship dynamics, which means

(𝑓𝑢, 𝑓𝑣, 𝑓𝑟) are neglected. Secondly, the upper bounded disturbances
𝜏∗𝑤𝑢 > 0, 𝜏∗𝑤𝑣 > 0, 𝜏∗𝑤𝑟 > 0 in Remark 2.1 are known.

.1. Kinematics control

To design a suitable controller of the kinematics control in earth-
ixed system. Define the Lyapunov function candidate of 𝑥𝑒 and 𝑦𝑒 as

the following:

𝑉1 =
1
2
𝑥2𝑒 +

1
2
𝑦2𝑒 , (6)

where 𝑉1 ≥ 0, if and only if 𝑒𝑥 = 𝑒𝑦 = 0, 𝑉1 = 0. By using backstep-
ping method, to make sure the �̇�1 is negative definite. Comparing to
traditional Lyapunov function �̇�𝑒 = −𝑘𝑥𝑒, �̇�𝑒 = −𝑘𝑦𝑒, we choose a more
reliable structure as
[

�̇�𝑒
�̇�𝑒

]

=
⎡

⎢

⎢

⎣

−𝑘𝑥𝑒∕
√

𝑥2𝑒 + 𝑦2𝑒 + 𝐶

−𝑘𝑦𝑒∕
√

𝑥2𝑒 + 𝑦2𝑒 + 𝐶

⎤

⎥

⎥

⎦

, (7)

here 𝑘 and 𝐶 are constant parameters. Differentiating Eq. (7), we have

̇1 = 𝑥𝑒�̇�𝑒 + 𝑦𝑒�̇�𝑒 = −𝑘
(

𝑥2𝑒 + 𝑦
2
𝑒
)

∕
√

𝑥2𝑒 + 𝑦2𝑒 + 𝐶 ≤ 0. (8)

Therefore, the error (𝑥𝑒, 𝑦𝑒) are asymptotically stable. Thus, the time
eviation of the Eq. (7) along with Eq. (1) is

�̇�𝑒
�̇�𝑒

]

=
[

cos(𝜓) − sin(𝜓)
sin(𝜓) cos(𝜓)

] [

𝑢
𝑣

]

−
[

�̇�𝑑
�̇�𝑑

]

. (9)

Suppose 𝑢 → 𝛼𝑢 and 𝑣 → 𝛼𝑣, thus, the virtual control law 𝛼𝑢 and 𝛼𝑣
re given as:

[

𝛼𝑢
𝛼𝑣

]

=
[

cos(𝜓) sin(𝜓)
− sin(𝜓) cos(𝜓)

]

⎡

⎢

⎢

⎣

�̇�𝑑 − 𝑘𝑥𝑒∕
√

𝑥2𝑒 + 𝑦2𝑒 + 𝐶

�̇�𝑑 − 𝑘𝑦𝑒∕
√

𝑥2𝑒 + 𝑦2𝑒 + 𝐶

⎤

⎥

⎥

⎦

. (10)

Define 𝑤 =
√

𝑥2𝑒 + 𝑦2𝑒 + 𝐶, Eq. (10) can be rewritten as:
[

𝛼𝑢
𝛼𝑣

]

=
[

cos(𝜓) sin(𝜓)
− sin(𝜓) cos(𝜓)

] [

�̇�𝑑 − 𝑘𝑥𝑒𝑤−1

�̇�𝑑 − 𝑘𝑦𝑒𝑤−1

]

, (11)

and the derivative of Eq. (11) is
[

�̇�𝑢
�̇�𝑣

]

=
[

−𝑟 sin(𝜓) 𝑟 cos(𝜓)
−𝑟 cos(𝜓) −𝑟 sin(𝜓)

]

[

�̇�𝑑 − 𝑘𝑤−1𝑥𝑒
�̇�𝑑 − 𝑘𝑤−1𝑦𝑒

]

+

[

cos(𝜓) sin(𝜓)
− sin(𝜓) cos(𝜓)

] [

�̈�𝑑 − 𝑘
(

𝑤−1 −𝑤−3𝑥2𝑒
)

�̇�𝑒 + 𝑘𝑤−3𝑥𝑒𝑦𝑒�̇�𝑒
�̈�d − 𝑘

(

𝑤−1 −𝑤−3𝑦2e
)

�̇�e + 𝑘𝑤−3𝑥𝑒𝑦𝑒�̇�𝑒

]

.
(12)

Let

𝑓 =
(

�̈�𝑑 − 𝑘
(

𝑤−1 −𝑤−3𝑦2𝑒
)

�̇�𝑒 + 𝑘𝑤−3𝑥𝑒𝑦𝑒�̇�𝑒
)

cos(𝜓)

−
(

�̈�𝑑 − 𝑘
(

𝑤−1 −𝑤−3𝑥2𝑒
)

�̇�𝑒 + 𝑘𝑤−3𝑥𝑒𝑦𝑒�̇�𝑒
)

sin(𝜓).
(13)

Thus, we have

�̈� = −�̇�𝛼 − 𝑟�̇� + ̇𝑓 . (14)
4

𝑣 𝑢 𝑢
3.2. Kinetics control

As the virtual control law of (𝑥𝑒, 𝑦𝑒) has been established, the next
tep is to design the control law of (𝜏𝑢, 𝜏𝑟) to realize the tracking of vir-
ual speed control. By using the sliding model control and backstepping
ethod, the lateral motion control 𝜏𝑟 and the surge motion control 𝜏𝑢

are developed.

3.2.1. Surge control law
Define the error of surge motion:

𝑢𝑒 = 𝑢 − 𝛼𝑢. (15)

Since the virtual speed can guarantee the stability of the tracking
error of body-fixed coordinate, the error of surge error is used to
represent the position variables. Hence, define the PI sliding surface
as follows

𝑆1 = 𝑢𝑒 + 𝜆1 ∫

𝑡

0
𝑢𝑒(𝜏)d𝜏, (16)

where 𝜆1 is a positive constant. The time derivative along Eq. (16) is
presented

�̇�1 = �̇� − �̇�𝑢 + 𝜆1𝑢𝑒

=
𝑚22
𝑚11

𝑣𝑟 −
𝑑11
𝑚11

𝑢 +
𝜏𝑢 + 𝜏𝑤𝑢
𝑚11

− �̇�𝑢 + 𝜆1𝑢𝑒,
(17)

hoose �̇�1 = 0, we have

ueq = −𝑚22𝑣𝑟 + 𝑑11𝑢 + 𝑚11�̇�𝑢 − 𝜆1𝑚11𝑢𝑒. (18)

By choosing a suitable Lyapunov function candidate, the control
aw can reach the sliding surface in a finite time. Thus, choosing a
eaching-law as:

usw = −𝐾1sgn
(

𝑆1
)

, (19)

here the sign function is presented as:

gn(𝑎) =

⎧

⎪

⎨

⎪

⎩

1, 𝑎 > 0
0, 𝑎 = 0
−1, 𝑎 < 0.

(20)

Thus, the total surge input is 𝜏𝑢 = 𝜏ueq + 𝜏usw.
Defining the Lyapunov function

2 =
1
2
𝑚11𝑆

2
1 , (21)

and the time derivative of Eq. (21) along with the solution Eq. (17)
satisfies
�̇�2 = 𝑚11𝑆1�̇�1

= 𝑚11𝑆1

(

𝑚22
𝑚11

𝑣𝑟 −
𝑑11
𝑚11

𝑢 +
𝜏𝑢 + 𝜏𝑤𝑢
𝑚11

− �̇�𝑢 + 𝜆1𝑢𝑒

)

⩽ 𝜏𝑤𝑢 ||𝑆1
|

|

−𝐾1
|

|

𝑆1
|

|

,

(22)

here if choosing 𝐾1 = 𝜂1 + 𝜏∗𝑤𝑢, and 𝜂1 is a positive parameter. Thus,
e have

̇2 ⩽ −𝜂1 ||𝑆1
|

|

. (23)

.2.2. Sway motion control
Similar to the surge motion control, the error of lateral tracking is

efined as

𝑒 = 𝑣 − 𝛼𝑣, (24)

nd the sliding surface is selected as:

2 = �̇�𝑒 + 𝜆2𝑣𝑒. (25)

Differentiating Eq. (25) with Eqs. (1), (10)–(14), we have
̇ 2 = �̈� − �̈�𝑣 + 𝜆2

(

�̇� − �̇�𝑣
)

(( ) ( ) ) (26)

= 𝑚22𝛼𝑢 − 𝑚11𝑢 𝜏𝑟 + 𝜏𝑤𝑟 − ℎ ∕𝑚22𝑚33,
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𝑉

D

𝑉

where
ℎ = − 𝑚11𝑚33�̇�𝑟 − 𝑚11𝑢

((

𝑚11 − 𝑚22
)

𝑢𝑣 − 𝑑33𝑟
)

− 𝑚33𝑑22�̇� + 𝑚33�̇�𝑤𝑟 + 𝑚22𝛼𝑢
((

𝑚11 − 𝑚22
)

𝑢𝑣 − 𝑑33𝑟
)

+ 𝑚22𝑚33
(

𝑟�̇�𝑢 − ̇𝑓 + 𝜆2
(

�̇� − �̇�𝑣
))

.
(27)

Suppose the �̇�2 = 0, we have

𝑟𝑒𝑞 = ℎ∕𝑏, (28)

here 𝑏 = 𝑚22𝛼𝑢 − 𝑚11𝑢, a suitable switch control law is selected as:

𝑟𝑠𝑤 = −𝑘2sgn(𝑆2). (29)

Thus, the lateral motion control law is proposed

𝑟 = 𝜏𝑟𝑒𝑞 + 𝜏𝑟𝑠𝑤 = (ℎ −𝐾2sgn(𝑆2))∕𝑏. (30)

For most surface vessels, 𝑚22 ⩾ 120%𝑚11 referred to (Gao, 2006).
hus, we suppose 𝑏 > 0. To ensure the stability of 𝑣𝑒, a Lyapunov
andidate is defined as:

3 =
1
2
𝑚22𝑚33𝑆

2
2 . (31)

Differentiating Eq. (31), we have
̇3 = 𝑚22𝑚33𝑆2�̇�2

= 𝑚22𝑚33𝑆2
((

𝑏𝜏𝑟 + 𝑏𝜏𝑤𝑟 − ℎ
)

∕𝑚22𝑚33
)

= 𝑆2
(

−𝐾2 sgn
(

𝑆2
)

+ 𝑏𝜏𝑤𝑟
)

.
(32)

To ensure �̇�3 ⩽ 0, Control parameter 𝐾2 is designed as

2 = 𝜂2 + 𝐵𝜏∗𝑤𝑟, (33)

here 𝜂2 > 0, 𝐵 is the upper bound of 𝑏, 𝐵 is positive parameter. Thus,
e have

̇3 ⩽ −𝜂2 ||𝑆2
|

|

. (34)

Choosing a whole Lyapunov candidate as:

4 = 𝑉2 + 𝑉3. (35)

Differentiating 𝑉4 with Eqs. (23) and (34), we have

̇4 = �̇�2 + �̇�3 ⩽ 0, (36)

hich shows all tracking errors in formation systems are uniformly
ltimately bounded.

Moreover, besides tracking the virtual speed of surge and sway
irection by using backstepping and sliding mode algorithms, the speed
f yaw motion is also analyzed. Define the following Lyapunov candi-
ate function

5 =
1
2
𝑚33𝑟

2. (37)

Differentiating Eq. (37) along with Eq. (1)

̇5 = 𝑟((𝑚11 − 𝑚22)𝑢𝑣 − 𝑑33𝑟 + 𝜏𝑟 + 𝜏𝑤𝑟). (38)

From Eq. (38), if |
|

𝑑33𝑟|| > |

|

𝑟((𝑚11 − 𝑚22)𝑢𝑣 − 𝑑33𝑟 + 𝜏𝑟 + 𝜏𝑤𝑟)|| satisfies
�̇�5 < 0, 𝑉5 is a decreasing function. As 𝜏𝑤𝑢, 𝜏𝑤𝑟, 𝑢, 𝑣 are all bounded,
when 𝑟 satisfies |

|

𝑑33𝑟|| > |

|

𝑟((𝑚11 − 𝑚22)𝑢𝑣 − 𝑑33𝑟 + 𝜏𝑟 + 𝜏𝑤𝑟)||, 𝑟 is a de-
creasing function because of 𝑉5. Therefore, the yaw motion speed is
proven to be Bounded-Input Bounded-Output (BIBO).

4. Advanced controller design and stability analysis

Since the preliminary formation controller in Section 3 has no
consideration of uncertain dynamics and unknown disturbances, we
utilize two novel methods to estimate the unknown disturbances and
dynamic uncertainties. Firstly, we design an adaptive sliding mode
control law to estimate all unknown environment interference under
Assumption 4.1. Secondly, the RBFNNs are introduced to approach the
high-order unknowns in the ship model.
5

4.1. Unknown disturbance

4.1.1. Control law design

Assumption 4.1. Based on Assumption 3.1, considering the unknown
disturbances that are not easy to be got, assuming that the upper bound
𝜏∗𝑤𝑢 > 0, 𝜏∗𝑤𝑣 > 0, 𝜏∗𝑤𝑟 > 0 in Remark 2.1 is unknown for this formation
ontroller.

Thus, a new adaptive law with a correction item is designed to
stimate the unknown upper bound of unknown disturbance. By using
he same controller design in Eqs. (16) and (18), a new switch control
aw is choosing as:

𝑢𝑠𝑤1 = −𝜂1𝑆1 − 𝜏∗𝑤𝑢𝜙
(

𝑆1
)

, (39)

here 𝜏∗𝑤𝑢 is the estimation of 𝜏∗𝑤𝑢. And 𝜙
(

𝑆1
)

= tanh(𝑠1∕𝜀1). 𝜂1, 𝜀1 are
ositive parameters. By using the arc-tangent function to replace the
ymbolic function, the chattering effect can be eliminated effectively.

Thus, the total input 𝜏𝑢 equals:

𝑢1 = 𝜏𝑢𝑒𝑞 + 𝜏𝑢𝑠𝑤1
= −𝑚22𝑣𝑟 + 𝑑11𝑢 + 𝑚11�̇�𝑢 − 𝜆1𝑚11𝑢𝑒
− 𝜂1𝑆1 − 𝜏∗𝑤𝑢𝜙

(

𝑆1
)

.
(40)

An adaptive law to estimate the unknown disturbance is proposed
s:
̇̂𝜏∗𝑤𝑢 = 𝛾1

(

𝑆1𝜙
(

𝑆1
)

− 𝜎1
(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
))

, (41)

here 𝜏0𝑤𝑢 is the prior estimate of 𝜏∗𝑤𝑢, 𝛾1, 𝜎1 are positive design param-
ters.

By using the same controller design in Eq. (39), another adaptive
witch control law for yaw motion is selected as:

𝑟𝑠𝑤1 = −𝜂2𝑆2 − 𝜏∗𝑤𝑟𝜙
(

𝑆2
)

. (42)

Thus, the total input of yaw motion is selected as:

𝑟1 = 𝜏𝑟𝑒𝑞 + 𝜏𝑟𝑠𝑤1
= ℎ∕𝑏 − 𝜂2𝑆2 − 𝜏∗𝑤𝑟𝜙

(

𝑆2
)

.
(43)

By using the same adaptive estimation law as 𝜏∗𝑤𝑢, the unknown
isturbance is estimated as
̇̂𝜏∗𝑤𝑟 = 𝛾2

(

𝑆2𝜙
(

𝑆2
)

− 𝜎2
(

𝜏∗𝑤𝑟 − 𝜏
0
𝑤𝑟
))

, (44)

here, 𝜏∗𝑤𝑟 is the estimation of 𝜏∗𝑤𝑟. 𝜙
(

𝑆2
)

= tanh(𝑆2∕𝜀𝑠). 𝜂2, 𝜀2, 𝛾2, 𝜎2
re positive parameters.

.1.2. Stability analysis
Define the total Lyapunov function as follows

6 =
1
2
𝑚11𝑆

2
1 + 1

2
𝑚22𝑚33𝑆

2
2 + 1

2𝛾1
(𝜏∗𝑤𝑢)

2 + 1
2𝛾2

(𝜏∗𝑤𝑟)
2, (45)

where 𝜏∗𝑤𝑢 = 𝜏∗𝑤𝑢 − 𝜏∗𝑤𝑢, 𝜏
∗
𝑤𝑟 = 𝜏∗𝑤𝑟 − 𝜏∗𝑤𝑟 are errors of estimations.

ifferentiating 𝑉6 along with Eq. (39) to Eq. (44), we have Eq. (46)

̇6 = 𝑚11𝑆1�̇�1 + 𝑚22𝑚33𝑆2�̇�2 +
1
𝛾1
𝜏∗𝑤𝑢 ̇̂𝜏

∗
𝑤𝑢 +

1
𝛾2
𝜏∗𝑤𝑟 ̇̂𝜏

∗
𝑤𝑟

= 𝑆1
(

−𝜏∗𝑤𝑢𝜙
(

𝑆1
)

− 𝜂1𝑆1 + 𝜏𝑤𝑢
)

+ 𝑆2
(

−𝜏∗𝑤𝑟𝜙
(

𝑆2
)

− 𝜂2𝑆2 + 𝜏𝑤𝑟
)

+ 1
𝛾1
𝜏∗𝑤𝑢 ̇̂𝜏

∗
𝑤𝑢 +

1
𝛾2
𝜏∗𝑤𝑟 ̇̂𝜏

∗
𝑤𝑟

⩽ −𝜂1𝑆2
1 − 𝜂2𝑆2

2 + 𝜏∗𝑤𝑢 ||𝑆1
|

|

+ 𝜏∗𝑤𝑟 ||𝑆2
|

|

− 𝜏∗𝑤𝑢𝑆1𝜙
(

𝑆1
)

− 𝜏∗𝑤𝑟𝑆2𝜙
(

𝑆2
)

+ 𝜏∗𝑤𝑢
(

𝑆1𝜙
(

𝑆1
)

− 𝜎1
(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
))

+ 𝜏∗𝑤𝑟
(

𝑆2𝜙
(

𝑆2
)

− 𝜎2
(

𝜏∗𝑤𝑡 − 𝜏
0
𝑤𝑡
))

= −𝜂1𝑆2
1 − 𝜂2𝑆2

2 + 𝜏∗𝑤𝑢 ||𝑆1
|

|

+ 𝜏∗𝑤𝑟 ||𝑆2
|

|

− 𝜏∗𝑤𝑢𝑆1𝜙
(

𝑆1
)

− 𝜏∗𝑤𝑟𝑆2𝜙
(

𝑆2
)

+
(

𝜏∗𝑤𝑢 − 𝜏
∗
𝑤𝑢
) (

𝑆1𝜙
(

𝑆1
)

− 𝜎1
(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
))

+
(

𝜏∗𝑤𝑟 − 𝜏
∗
𝑤𝑡
) (

𝑆2𝜙
(

𝑆2
)

− 𝜎2
(

𝜏∗𝑤𝑟 − 𝜏
0
𝑤𝑡
))

= −𝜂1𝑆2
1 − 𝜂2𝑆2

2

+ 𝜏∗𝑤𝑢
(

|

|

𝑆1
|

|

− 𝑆1𝜙
(

𝑆1
))

+ 𝜏∗𝑤𝑟
(

|𝑆2| − 𝑆2𝜙
(

𝑆2
))

( ∗ ∗ ) ( ∗ 0 ) ( ∗ ∗ ) ( ∗ 0 )

(46)
− 𝜎1 𝜏𝑤𝑢 − 𝜏𝑤𝑢 𝜏𝑤𝑢 − 𝜏𝑤𝑢 − 𝜎2 𝜏𝑤𝑟 − 𝜏𝑤𝑟 𝜏𝑤𝑟 − 𝜏𝑤𝑟 .
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(
|

|

From Lemma 1, we have
|

|

𝑆1
|

|

− 𝑆1𝜙
(

𝑆1
)

⩽ 0.2785𝜀1
|

|

𝑆2
|

|

− 𝑆2𝜙
(

𝑆2
)

⩽ 0.2785𝜀2.
(47)

Considering −
(

𝜏∗𝑤𝑢 − 𝜏
∗
𝑤𝑢
) (

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)

satisfies

−
(

𝜏∗𝑤𝑢 − 𝜏
∗
𝑤𝑢
) (

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)

⩽ −1
2
(

𝜏∗𝑤𝑢 − 𝜏
∗
𝑤𝑢
)2 + 1

2
(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)2 . (48)

The similar structure −
(

𝜏∗𝑤𝑟 − 𝜏
∗
𝑤𝑟
) (

𝜏∗𝑤𝑟 − 𝜏
0
𝑤𝑟
)

satisfies:
(

𝜏∗𝑤𝑟 − 𝜏
∗
𝑤𝑟
) (

𝜏∗𝑤𝑟 − 𝜏
0
𝑤𝑟
)

⩽ −1
2
(

𝜏∗𝑤𝑟 − 𝜏
∗
𝑤𝑟
)2 + 1

2
(

𝜏∗𝑤𝑟 − 𝜏
0
𝑤𝑟
)2. (49)

Thus, we can obtain

̇6 ⩽ −𝜂1𝑆2
1 − 𝜂2𝑆2

2 −
𝜎1
2

(

𝜏∗𝑤𝑢 − 𝜏
∗
𝑤𝑢
)2 +

𝜎1
2

(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)2

−
𝜎2
2

(

𝜏∗𝑤𝜏 − 𝜏
∗
𝑤𝑟
)2 +

𝜎2
2

(

𝜏∗𝑤𝑡 − 𝜏
0
𝑤𝑟
)2

+ 0.2785𝜀1𝜏∗𝑤𝑢 + 0.2785𝜀2𝜏∗𝑤𝑟
⩽ 𝜇1𝑉 + 𝐶1,

(50)

here
𝜇1 = min(2𝜂1, 2𝜂2, 𝜎1, 𝜎2)

1 =
𝜎1
2

(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)2

+
𝜎2
2

(

𝜏∗𝑤𝑡 − 𝜏
0
𝑤𝑟
)2 + 0.2785𝜀1𝜏∗𝑤𝑢 + 0.2785𝜀2𝜏∗𝑤𝑟.

(51)

From Eq. (50), one concludes that

0 ⩽ 𝑉6(𝑡) ⩽
𝐶1
𝜇1

+
[

𝑉6(0) −
𝐶1
𝜇1

]

𝑒−𝜇1𝑡, (52)

here, 𝑉 is converged in the sphere whose center is at the origin
nd radius is 𝐶1∕𝜇1. As all the signals including 𝑆1, 𝑆2, 𝜏∗𝑤𝑢, 𝜏

∗
𝑤𝑟 are

niformly ultimately bounded. Thus, 𝑢𝑒, 𝑣𝑒 are bounded, and the esti-
ation 𝜏∗𝑤𝑢, 𝜏

∗
𝑤𝑟 are bounded, which proves that all tracking errors are

niformly ultimately bounded (UUB).

.2. Uncertain dynamics

.2.1. Control law design
Besides the consideration of unknown disturbances, the approach

o high-order ship dynamics are conducted by using RBFNNs. 𝑓 =
[

𝑓𝑢𝑓𝑣𝑓𝑟
]T represents the uncertainty of ship dynamics, which are totally

unknown. By using the same sliding surface in Eq. (16), and the
derivation is
�̇�1 = �̇� − �̇�𝑢 + 𝜆1𝑢𝑒

=
𝑚22
𝑚11

𝑣𝑟 −
𝑑11
𝑚11

𝑢 −
𝑓𝑢
𝑚11

+
𝜏𝑢 + 𝜏𝑤𝑢
𝑚11

− �̇�𝑢 + 𝜆1𝑢𝑒,
(53)

here 𝑓𝑢 is the unknown dynamics of the ship model that is not easy
o be got. From Lemma 2, we have

𝑢 = 𝑊 ∗T
𝑢 ℎ(𝑧) + 𝜍1, (54)

here 𝑧 = [𝑢, 𝑣, 𝑟]𝑇 is the input vector of the network. 𝜍1 is the
pproximation error which has an upper bound 𝜍𝐵 > 0.

Thus, the control law of surge motion is selected as

𝑢2 = 𝜏𝑢𝑒𝑞1 + 𝜏𝑢𝑠𝑤1
= −𝑚22𝑣𝑟 + 𝑑11𝑢 + 𝑓𝑢 + 𝑚11�̇�𝑢 − 𝜆1𝑚11𝑢𝑒
− 𝜂1𝑆1 − 𝜏∗𝑤𝑢𝜙

(

𝑆1
)

= −𝑚22𝑣𝑟 + 𝑑11𝑢 +𝑊 ∗T
𝑢 ℎ(𝑧) + 𝑚11�̇�𝑢 − 𝜆1𝑚11𝑢𝑒

− 𝜂1𝑆1 − 𝜏∗𝑤𝑢𝜙
(

𝑆1
)

,

(55)

nd the adaptive weight design law of RBF neural networks is derived
n the sense of the Lyapunov stability theorem by the backstepping
ethod.
̇̂ = −𝛤

(

𝑆 ℎ(𝑧) + 𝜗 �̂�
)

. (56)
6

𝑢 1 1 1 𝑢
For sway speed control, the sliding surface is chosen as Eq. (25) the
erivation can is given by:
̇ 2 = �̈� + �̇�𝛼𝑢 + 𝑟�̇�𝑢 − ̇𝑓 + 𝜆2

(

�̇� − �̇�𝑣
)

= �̈� +
𝛼𝑢
𝑚33

((

𝑚11 − 𝑚22
)

𝑢𝑣 − 𝑑33𝑟 − 𝑓𝑟 + 𝜏𝑟 + 𝜏𝑤𝑟
)

+ 𝑟�̇�𝑢 − ̇𝑓 + 𝜆2
(

�̇� − �̇�𝑣
)

,

(57)

where 𝑓𝑟 is approached by RBFNNs as the following:

𝑓𝑟 = 𝑊 ∗T
𝑟 ℎ(𝑧) + 𝜍2. (58)

Thus, the yaw input is chosen as:

𝜏r2 = − 𝑚33
(

�̈� + 𝑟�̇�𝑢 − ̇𝑓 + 𝜆2
(

�̇� − �̇�𝑣
))

∕𝛼𝑢
−

(

𝑚11 − 𝑚22
)

𝑢𝑣 + 𝑑33𝑟 + �̂� T
r ℎ(𝑧)

− 𝜂2𝑆2 − 𝜏∗𝑤𝑟𝜙
(

𝑆2
)

.
(59)

Similar to Eq. (56), we have
̇̂𝑊r = −𝛤2

(

𝑆2ℎ(𝑧) + 𝜗2�̂�r
)

. (60)

.2.2. Stability analysis
In this section, a total Lyapunov function is selected to prove the

ffectiveness of the whole tracking error. Considering the external
isturbances and internal unknowns, parameters adaptation formulas
qs. (41) and (44), and RBFNNs formulas Eqs. (54) and (58) are
roposed respectively.

7 =
1
2
𝑚11𝑆

2
1 + 1

2𝛾1
(𝜏∗𝑤𝑢)

2 + 1
𝛤1
�̃� T
𝑢 �̃�𝑢

+ 1
2
𝑚33𝑆

2
2 + 1

2𝛾2
(𝜏∗𝑤𝑟)

2 + 1
𝛤2
�̃� T
𝑟 �̃�𝑟,

(61)

Estimation of disturbances bound error and weight error are defined
as
̃∗𝑤𝑢 = 𝜏∗𝑤𝑢 − 𝜏

∗
𝑤𝑢, 𝜏

∗
𝑤𝑟 = 𝜏∗𝑤𝑟 − 𝜏

∗
𝑤𝑟

̃ 𝑢 = �̂�𝑢 −𝑊 ∗
𝑢 , �̃�𝑟 = �̂�𝑟 −𝑊 ∗

𝑟 .
(62)

Differentiating Eq. (61) along with Eqs. (53), (57), (56), and (60),
e have (see Box I).

Considering the following reasons: Firstly, from Lemma 1 in Eq.
47), we have

𝑆1
|

|

− 𝑆1𝜙
(

𝑆1
)

⩽ 0.2785𝜀1, (64)

Secondly, the inequality shows that

− 𝜍1𝑆1 ⩽
𝑆2
1
2

+
𝑆2
1
2

⩽
𝜍2U
2

+
𝑆2
1
2

(

𝜏∗𝑤𝑢 − 𝜏
∗
𝑤𝑢
) (

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)

⩽ −1
2
(

𝜏∗𝑤𝑢 − 𝜏
∗
𝑤𝑢
)2 + 1

2
(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)2

− 𝜗1�̃�
T
𝑢 �̂�𝑢 = −𝜗1�̃� T

𝑢
(

�̃�𝑢 +𝑊 ∗
𝑢
)

⩽ −
𝜗1
2
�̃� T
𝑢 �̃�𝑢 +

𝜗1
2
𝑊 2

U .

(65)

Meanwhile, the structure of sway motion can be derived according
to the same form. Thus, Eq. (63) is rewritten as:

�̇�7 ⩽ −𝜂1𝑆2
1 − 𝜂2𝑆2

2 + 0.2785𝜀1𝜏∗𝑤𝑢 + 0.2785𝜀2𝜏∗𝑤𝑟 +
𝜍U
2

+
𝑆2
1
2

+
𝜍2R
2

+
𝑆2
2
2

−
𝜎1
2

(

𝜏∗𝑤𝑢 − 𝜏
∗
𝑤𝑢
)2 +

𝜎1
2

(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)2

−
𝜎2
2

(

𝜏∗𝑤𝑟 − 𝜏
∗
𝑤𝑟
)2 +

𝜎2
2

(

𝜏∗𝑤𝑟 − 𝜏
0
𝑤𝑟
)2

−
𝜗1
2
�̃� T
𝑢 �̃�𝑢 +

𝜗1
2

‖

‖

𝑊 ∗
𝑢
‖

‖

2 −
𝜗2
2
�̃� T

r �̃�r +
𝜗2
2

‖

‖

𝑊 ∗
r
‖

‖

2

= −
2𝜂1 − 1

2
𝑆2
1 −

2𝜂2 − 1
2

𝑆2
2 −

𝜎1
2

(

𝜏∗𝑤𝑢 − 𝜏
∗
𝑤𝑢
)2

−
𝜎2
2

(

𝜏∗𝑤𝑟 − 𝜏
∗
𝑤𝑟
)2 +

𝜁2U
2

+
𝜁2R
2

+ 0.2785𝜀1𝜏∗𝑤𝑢

+ 0.2785𝜀2𝜏∗𝑤𝑟 +
𝜎1
2

(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)2 +

𝜎2
2

(

𝜏∗𝑤𝑟 − 𝜏
0
𝑤𝑟
)2

−
𝜗1
2
�̃� T
𝑢 �̃�𝑢 −

𝜗2
2
�̃� T

r �̃�r +
𝜗1
2
𝑊 2

U +
𝜗2
2
𝑊 2

R

(66)
⩽ −𝜇2𝑉 + 𝐶2.
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0

w

𝐶

�̇�7 = 𝑚11𝑆1�̇�1 + 𝑚33𝑆2�̇�2 −
1
𝛾1
𝜏𝑤𝑢 ̇̂𝜏

∗
𝑤𝑢 −

1
𝛾2
𝜏∗𝑤𝑟 ̇̂𝜏

∗
𝑤𝑟 +

1
𝛤1
�̃� T
𝑢
̇̂𝑊𝑢 +

1
𝛤2
�̃� T

r
̇̂𝑊r

= 𝑆1
(

�̃� T
𝑢 ℎ(𝑧) − 𝜍1 − 𝜂1𝑆1 + 𝜏∗𝑤𝑢 − 𝜏

∗
𝑤𝑢𝜙

(

𝑆1
))

+ 𝑆2
(

�̃� T
r ℎ(𝑧) − 𝜍2 − 𝜂2𝑆2 + 𝜏∗𝑤𝑟 − 𝜏

∗
𝑤𝑟𝜙

(

𝑆2
))

− 𝜏∗𝑤𝑢
(

𝑆1𝜙
(

𝑆1
)

− 𝜎1
(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
))

− 𝜏∗𝑤𝑟
(

𝑆2𝜙
(

𝑆2
)

− 𝜎2
(

𝜏∗𝑤𝑟 − 𝜏
0
𝑤𝑟
))

− �̃� T
𝑢 ℎ(𝑧)𝑆1 − 𝜗1�̃� T

𝑢 �̂�𝑢 − �̃� T
r ℎ(𝑧)𝑆2 − 𝜗2�̃� T

r �̂�r

⩽ −𝜂1𝑆2
1 − 𝜂2𝑆2

2 + 𝜏∗𝑤𝑢
(

|

|

𝑆1
|

|

− 𝑆1𝜙
(

𝑆1
))

+ 𝜏∗𝑤𝑟
(

|

|

𝑆2
|

|

− 𝑆2𝜙
(

𝑆2
))

− 𝜍1𝑆1 − 𝜍2𝑆2

+ 𝜎1
(

𝜏∗𝑤𝑢 − 𝜏
∗
𝑤𝑢
) (

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)

+ 𝜎2
(

𝜏∗𝑤𝑟 − 𝜏
∗
𝑤𝑟
) (

𝜏∗𝑤𝑟 − 𝜏
0
𝑤𝑟
)

− 𝜗1�̃� T
𝑢 �̂�𝑢 − 𝜗2�̃� T

r �̂�r .

(63)

Box I.
Table 1
Parameters of isomorphic formation simulation. (These isomorphic ship parameters are referred to in Do et al., 2004; Shen, 2019.)

Ship Ship parameters (𝑚11 , 𝑚22 , 𝑚33 , 𝑑11 , 𝑑22 , 𝑑33) Initial status (𝑥, 𝑦, 𝜓, 𝑢, 𝑣, 𝑟) Formation structure (𝜌𝑑 , 𝜆𝑑 )

Leader (1.2 × 105 , 1.779 × 105 , 6.36 × 107 , 2.15 × 104 , 1.47 × 105 , 8.02 × 106) (0,0,0,−10,300,0) –
Follower1 (1.2 × 105 , 1.779 × 105 , 6.36 × 107 , 2.15 × 104 , 1.47 × 105 , 8.02 × 106) (0,0,0,−30,320,0) (20, 𝜋∕2)
Follower2 (1.2 × 105 , 1.179 × 105 , 6.36 × 107 , 2.15 × 104 , 1.17 × 105 , 8.02 × 106) (0,0,0,−40,270,0) (20,−𝜋∕2)
Table 2
The environmental disturbances and ship uncertainties of isomorphic formation simulation.
𝜏𝑤𝑢 = 104 [sin(0.2𝑡) + cos(0.5𝑡)] 𝜏𝑤𝑣 = 102 [sin(0.1𝑡) + cos(0.4𝑡)] 𝜏𝑤𝑟 = 105 [sin(0.5𝑡) + cos(0.3𝑡)]
𝑓𝑢 = 0.2𝑑11𝑢2 + 0.1𝑑11𝑢3 𝑓𝑣 = 0.2𝑑22𝑣2 + 0.1𝑑22𝑣3 𝑓𝑟 = 0.2𝑑33𝑟2 + 0.1𝑑33𝑟3
As a result, Eq. (66) can be rewritten as

⩽ 𝑉(𝑡) ⩽
𝐶2
𝜇2

+
(

𝑉(0) −
𝐶2
𝜇2

)

𝑒−𝜇2𝑡, (67)

here
𝜇2 = min(2𝜂1 − 1, 2𝜂2 − 1, 𝜎1, 𝜎2, 𝜗1, 𝜗2)

2 =
𝜁2U
2

+
𝜁2R
2

+ 0.2785𝜀1𝜏∗𝑤𝑢 + 0.2785𝜀2𝜏∗𝑤𝑟

+
𝜎1
2

(

𝜏∗𝑤𝑢 − 𝜏
0
𝑤𝑢
)2 +

𝜎2
2

(

𝜏∗𝑤𝑟 − 𝜏
0
𝑤𝑟
)2

+
𝜗1
2
𝑊 2

U +
𝜗2
2
𝑊 2

R .

(68)

Thus, 𝑉 is converged in the sphere whose center is at the origin and
radius is 𝐶2∕𝜇2. As all the signals including 𝑆1, 𝑆2, 𝜏∗𝑤𝑢, 𝜏

∗
𝑤𝑟, �̃�𝑢, �̃�𝑟 are

uniformly ultimately bounded, which proves that 𝑢𝑒, 𝑣𝑒 are bounded,
and the error of position 𝑥𝑒, 𝑦𝑒 are bounded, which proves that all
tracking errors are uniformly ultimately bounded (UUB).

5. Results and discussion

In this section, related experiments are executed in MATLAB
R2020b on a PC that has an I7-9750H CPU and 16 GB memory.
Numerical simulations are carried out to demonstrate the efficiency
and effectiveness of the proposed formation controller for multiple
vessels. Firstly, we compare the controller performance with other
existing controllers on leader tracking control, which shows that the
proposed method has a better performance. Meanwhile, for formation
control verification, isomorphic simulations are demonstrated by using
the same ship parameters and target trajectory. Furthermore, to extend
the scope of application on multiple ship formation navigation in cargo
delivery, heterogeneous ships are introduced to show that the proposed
method is highly adaptable for different characteristics.

To verify the effectiveness of the proposed method, larger ships
rather than small USVs are considered as a suitable simulation object.
Detailed information of these ships are given in Tables 1 and 5. The
environmental disturbances and ship uncertainties are assumed un-
known but bounded, where the time-varying disturbances are defined
in Table 2.
7

Table 3
Control parameters of proposed SMC algorithms.
𝑘 = 1.8 𝐶 = 1 𝜆1 = 1
𝜆2 = 1 𝜀1 = 0.1 𝜀2 = 0.1
𝜂1 = 1 × 104 𝜂2 = 1 × 104 𝛤1 = 1 × 105

𝜗1 = 1 × 10−8 𝛤1 = 1 × 105 𝜗1 = 1 × 10−8

𝛾1 = 8 × 104 𝛾2 = 8 × 105 𝜎1 = 0.8 × 10−7

𝜎2 = 1.5 × 10−8 𝜏0𝑤𝑢 = 0.1 𝜏0𝑤𝑟 = 0.1

Fig. 2. The performance of the tracking and formation control.

5.1. Controller comparison and isomorphic formation simulations

In this part, three isomorphic ships in a virtual leader–follower
formation structure are considered by using the same parameters. The
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Table 4
Controller performance comparison of position tracking error 𝜂𝑒.

Switch control law MSE RMSE MAE MAPE SMAPE R2

The propose controller 0.8830 0.9397 0.1901 6.3535e−4 0.0638 0.9993
𝜏𝑢𝑠𝑤 = −𝜏∗𝑤𝑢sgn

(

𝑆1
)

|𝑆1|
𝛼 1.55474 1.2449 0.3097 0.0010 0.1040 0.9987

𝜏𝑟𝑠𝑤 = −𝜏∗𝑤𝑟sgn
(

𝑆2
)

|𝑆2|
𝛼 1.2575 1.1214 0.2825 9.5321e−4 0.0954 0.9990

Both switch control laws changed 1.0732 1.0359 0.2607 8.8174e−4 0.0882 0.9991
Fig. 3. The kinematics errors of the follower and leadership.

Fig. 4. The kinetics errors of the follower and leadership.

Fig. 5. The approximation values of the ship uncertain dynamics between leader and
followers.
8

Fig. 6. The estimation of the upper bound on external disturbances.

formation configuration is set in Table 1. And the control parameters
are given in Table 3.

Compare to another fixed-time terminal sliding mode controller
referred in (Bhat and Bernstein, 2000; Polyakov, 2011), that is the
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Fig. 7. The performance of the tracking and formation control in Route 1.

switch control law is chosen as 𝜏𝑠𝑤 = −𝑝∗sgn
(

𝑆1
)

|𝑆1|
𝛼 . According to

he equation mentioned before, we choose 𝑝 = 𝜏∗𝑤𝑢 𝑜𝑟 𝜏
∗
𝑤𝑟, 𝛼 = 1∕3.

able 4 shows the results of the tracking errors. In this comparison,
he fixed-time terminal sliding mode controller is verified to be more
ffective in either or both control inputs (𝜏𝑢 or 𝜏𝑟).

MAE (Mean Absolute Error), RMSE (Root Mean Square Error), MAE
Mean Absolute Error), MAPE (Mean Absolute Percentage Error), and
MAPE (Symmetric Mean Absolute Percentage Error) are used to eval-
ate the average of the errors in different aspects, while R2 (R-squared)
ndicates the proportion of the variation in the dependent variable
hat is predictable from the independent variables. From Table 4, the
2 of the proposed controller is the law closest to 1, meanwhile,
ther measurements are closest to zero, which shows that the proposed
ontroller has a better performance on the tracking problem.

To further verify the feasibility of the trajectory of the whole
ormation structure, we used the trajectory tacking control method for
he leadership to follow instead of changing inputs (𝜏𝑢, 0, 𝜏𝑟) directly,
hich is neglected in previous research. By using the leader’s tracking

outes, the followers can have a more real and feasible tracking paths.
he desired trajectory for leadership is given as 𝑥𝑑 = 300(1 − 0.001(𝑡 −
5.7))𝑠𝑖𝑛(0.03𝑡); 𝑦𝑑 = 300(1 − 0.001(𝑡 − 15.7))𝑐𝑜𝑠(0.03𝑡); referred in (Jin
t al., 2021), and the tracking control method is the same as the
roposed formation tracking control method. Thus, as the leadership is
racking the desired routes, the virtual followers’ position is determined
y the formation scheme, and the followers start maintaining the
ormation structure.

Formation results are shown in Figs. 2–6. The reference trajectories
nd formation trajectories are presented in Fig. 2, indicates that desired
rajectory and formation trajectories could be tracked by a leader
nd followers despite the existence of the model uncertainties and
xternal disturbances. Figs. 3 and 4 proves that both position errors
nd velocity errors ultimately smoothly converged to a small neigh-
orhood of zero, which demonstrates the effectiveness of the proposed
ormation scheme. Figs. 5 and 6 illustrates the learning ability and
he estimation ability for external disturbances and model uncertainties
espectively. Both leader and followers can have effective performance
n approximation and estimation for surge and yaw motion.

.2. Heterogeneous formation simulations

In this section, more heterogeneous ships and simulations are added
o verify the effectiveness of the proposed formation scheme. As almost
9

Fig. 8. The kinematics errors of the follower and leadership in Route 1.

Fig. 9. The kinetics errors of the follower and leadership in Route 1.

Fig. 10. The approximation values errors of the ship uncertain dynamics between
leader and followers in Route 1.

every ship has its own maneuverability, thus, several heterogeneous
ship models are introduced in Table 5, and their initial status and
formation structures are proposed as well. Other parameters are listed
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Table 5
Parameters of heterogeneous formation simulation. (The Leader, Follower1 and Follower2 are referred to in Do et al., 2004; Shen, 2019, and the rest followers are designed by
reducing the order of magnitude of parameters.)

Ship Ship parameters (𝑚11 , 𝑚22 , 𝑚33 , 𝑑11 , 𝑑22 , 𝑑33) Initial status (𝑥, 𝑦, 𝜓, 𝑢, 𝑣, 𝑟) Formation structure (𝜌𝑑 , 𝜆𝑑 )

Leader (1.2 × 105 , 1.779 × 105 , 6.36 × 107 , 2.15 × 104 , 1.47 × 105 , 8.02 × 106) (0,0,0,0,300,0) –
Follower1 (1.2 × 105 , 1.779 × 105 , 6.36 × 107 , 2.15 × 104 , 1.47 × 105 , 8.02 × 106) (0,0,0,−30,300,0) (20, 𝜋∕2)
Follower2 (1.2 × 105 , 2.179 × 105 , 6.36 × 107 , 2.15 × 104 , 1.17 × 105 , 8.02 × 106) (0,0,0,−40,−280,0) (20,−𝜋∕2)
Follower3 (1.2 × 104 , 1.779 × 104 , 6.36 × 106 , 2.15 × 103 , 1.47 × 104 , 8.02 × 105) (0,0,0,−50,350,0) (40, 3𝜋∕4)
Follower4 (1.2 × 103 , 1.779 × 103 , 6.36 × 105 , 2.15 × 103 , 1.47 × 104 , 8.02 × 104) (0,0,0,−70,250,0) (40,−3𝜋∕4)
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Fig. 11. The estimation of the upper bound error on external disturbances in Route 1.

n Section 5.1. To verify the adaptability of the proposed formation
ontroller on heterogeneous ships, besides the previously mentioned
rajectory as the Route 1, a new figure-8 curve, 𝑥𝑑 = 300 sin(0.03𝑡); 𝑦𝑑 =
00 sin(0.06(𝑡 + 𝑝𝑖∕2)) as Route 2, is introduced as the leader trajectory
eference.

For comparison purposes, the first heterogeneous formation exper-
ment results based on Route 1 are shown in Figs. 7–11 where the
ast two heterogeneous ships (Follower 3 and Follower 4) can keep the
ormation tracking as well as the two isomorphic ships (Follower 1 and
ollower 2).

emark 5.1. With the decrease in radius of the designed trajectory,
t is normal for the leader ship and the follower ships to have some
luctuations in the kinetics tracking errors. The kinematics errors are
ery small compared to the magnitude of the target routes after these
rrors become stable. The approximation value errors of the ship uncer-
ain dynamics converge to a neighborhood of zero, which shows that
he adaptive law is suitable for this formation scheme. The estimation
alues are greater than the actual values, and this helps to eliminate
he influences of all external disturbances.

emark 5.2. During the controller simulations, the calculation com-
lexity is mainly due to the online RBFNNs. To ensure the control
ccuracy as much as possible under the premise of decreasing the
omplexity, an offline rolling RBFNNs is introduced. The performance
f the RBFNNs does not continue to improve as the neurons are added.
hus, the mean squared error goal of RBFNNs is selected by the distance
etween the initial ship position and desired trajectory. Then, the max-
mum number of neurons is determined. Secondly, Updating RBFNNs
ith the data group of the previous period also helps to improve the
ccuracy. By these methods, the simulation time is decreased.

Compared to the isomorphic ships, the two heterogeneous followers
an track the leader by using the same controller structure and param-
ters. This shows that the proposed controller has a good adaptability
or different ships with heterogeneous dynamics.

To better verify the effectiveness and efficiency of the proposed
ontroller, Route 2 is introduced and related results are shown in
10
igs. 12–16, where we can have some similar results. The reference
rajectories and formation trajectories are presented in Fig. 12, which
emonstrates that the desired trajectories could be tracked under the
ime-varying external interface and unknown internal uncertainties.
hese five ships start from different starting points and can finally
aintain a certain formation scheme through continuous control as

hown in Circle 1, 2, 3, 4, and 5. The posture control performance and
ormation performance can be observed by the comparison between
he curve part and straight section referred to in Figs. 13 and 14. The
inetics errors of the surge, sway, and yaw motion speed are guaranteed
ithin a small neighborhood of zero as shown in Fig. 14. 𝑦𝑒 and 𝜂𝑒
re proven to be stable as shown in Fig. 13, which shows that 𝑥𝑒
s stable as well. By using RBFNNs and adaptive estimation law, the
ncertain dynamics and unknown disturbances are well approximated
nd estimated in Figs. 15 and 16.

emark 5.3. Compared to Route 1, the kinetics errors perform well
ue to the concentration on virtual speed controller design. However,
he kinematics errors fluctuate a little violently, we think this is caused
y the drastic change in the desired trajectory and formation structure.
ompare with Route 1, due to a large number of curves, Route 2 ampli-

ies the kinematic and kinetic errors caused by the formation structure
tself. The speeds and accelerations between leader and followers begin
o increase, while the proposed controller certainly has some control
ffects on complex routes.

. Conclusion

In this research, to extend the application scope of the ship for-
ation controller, the characteristics of heterogeneous ships are sum-
arized. Based on that, isomorphic and heterogeneous ships are se-

ected to verify the effectiveness of the proposed controller. Besides
he heterogeneous features, the problems of unknown disturbance and
nknown dynamics are solved by the proposed formation controller.
oth the ship kinematics control and kinetics control are proven to
e uniformly bounded through the stability analysis, and the results
erify the effectiveness of the theory. The proposed formation structure
s capable of switching the formation problem into a trajectory tracking
roblem, which may contribute to the actual formation application
f large cargo ships. Also, the formation results on isomorphic and
eterogeneous ships demonstrate the adaptability and effectiveness of
he proposed controller on general ships.

For future work, the formation error analysis on formation structure
nd routes need to be further investigated. Besides that, the consid-
ration of heterogeneous formation needs to be studied on dynamic
ifferences mentioned in Section 1, which can be considered by using
xtended state observer (ESO) with sliding mode control method due to
ts advantage on unknown ship dynamics and disturbances. However,
t can only solve the problem partly because of the dynamic changes
n ship parameters. Moreover, ship collision avoidance problems need
o be further handled before the formation becomes steady. Also,
einforcement learning and other advanced technologies are attractive
o put into use for real ship formation applications.
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Fig. 12. The performance of the tracking and formation control in Route 2.
Fig. 13. The kinematics errors of the follower and leadership for heterogeneous
formation in Route 2.

Fig. 14. The kinetics errors of the follower and leadership for heterogeneous formation
n Route 2.
11
Fig. 15. The approximation values of the ship uncertain dynamics between leader and
followers for heterogeneous formation in Route 2.

Fig. 16. The estimation of the upper bound on external disturbances on heterogeneous
formation in Route 2.
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